BOOK REVIEWS 


Elements of Statistical Reasoning. By Alan E. Treloar. New York, 
Wiley; London, Chapman & Hall, 1939. 11+ 261 pp. $3.25. 


The purpose of this book seems to be to develop fundamental sta- 
tistical concepts for those who wish to reason carefully rather than 
to provide a compendium of statistical techniques. The author 
adopts the rather sensible viewpoint that it is from generous rather 
than meager sets of data that one grasps the general principles under- 
lying the analysis of variation systems, and as a consequence his 
“original plan to include a critical analysis of small-sample tech- 
niques was finally laid aside.” From this it should not be inferred that 
the book contains obsolete methods. On the contrary it treats such 
topics as chi squared and the sampling distribution of the correlation 
coefficient. In connection with the latter it even gives a brief dis- 
cussion of the use of the ¢ distribution for small samples from a popu- 
lation in which the correlation is zero. 

Some other topics discussed are binomial, normal, and Poisson 
series, proportions (including proportions of vital statistics) and their 
sampling errors, contingency tables. Particular mention might be 
made of the discussion of the two types of error arising in making 
tests of significance: (A) insignificance is claimed when significance 
exists, (B) significance is claimed when it does not exist. 

The material is clearly presented, and those who wish to obtain an 
introduction to modern statistical inference can study the book with 
profit. 

R. RIDER 


Tables of Sine, Cosine and Exponential Integrals. Prepared by the Fed- 
eral Works Agency Work Projects Administration for the City of 
New York, A. N. Lowan, Technical Director. National Bureau of 
Standards, Washington, D. C. Vol. 1, 1940. 24+444 pp. $2.00. Vol. 
2, 1940. 37 +225 pp. $2.00. 


This is the fifth and sixth volumes in the series of mathematical 
tables prepared by the Project for the Computation of Mathematical 
Tables under the auspices mentioned in the title. 

The tabulations of the functions Si(x), Ci(x), Ei(x), and —Ei(—x) 
over the range from 0 to 2 at intervals 0.0001 in Volume 1 and from 0 
to 10 at intervals of 0.001 in Volume 2 are given to nine places of 
decimals. These tables go a long way toward placing these functions 
in the class of known functions. Ordinarily, simple linear interpolation 
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is adequate. Even for nine place accuracy, at most second differences 
(as tabulated) are required either for direct or inverse interpolation 
by the effective methods explained and illustrated in the introduction 
to the two volumes. The functions tabulated are 


= = cost 
Si(x) -f dt; Ci(x) -f dt; 
0 


z et et 
Ei(x) -{ Ei(- x) -f — 


These tables supplement those recently given out by the British 
Association for the Advancement of Science by using a much smaller 
interval of the argument. Each table is preceded by a detailed ex- 
planation of the method of calculation and followed by a bibliography 
of tables and one of applications. 

At the end of the second volume are supplementary tables of 


k 
Siler +5), == 1,2,3; ci(F +4), 


The Tables are reproduced by the photo-offset process from type- 
written sheets. There are fifty entries on each page, arranged in 
groups of five, followed by a leaded interval. The result is a clear, 
easily read page. The actual work was done under the supervision of 
six subdirectors by a staff of some 250 computers. Such use has been 
made of the checks and controls described in the introduction that 
a very high degree of accuracy has been attained. 

VIRGIL SNYDER 


NOTES 


At the meeting of the American Association for the Advancement 
of Science at the University of New Hampshire at Durham on June 
26-27, 1941, the following addresses were presented: Statistical me- 
chanics, by Professor Norbert Wiener of Massachusetts Institute of 
Technology ; Topological transformation groups in euclidean spaces, by 
Professor Deane Montgomery of Smith College; Vector lattices, by 
Professor Garrett Birkhoff of Harvard University; Some recent re- 
searches on the coloring of maps, by Professor D. C. Lewis of the Uni- 
versity of New Hampshire. 


At New York University five tuition-free courses in higher mathe- 
matics, approved by the United States Office of Education, were 
given in the evenings beginning June 12. The subjects included ad- 
vanced methods of applied mathematics, fluid dynamics and applica- 
tions, theory of elastic plates, electrical network theory and vibrations. 


Dr. Harold Davenport of the University of Manchester has been 
awarded The Adams Prize of the University of Cambridge. 


Professor L. J. Mordell of the University of Manchester has been 
awarded the De Morgan Medal of the London Mathematical Society. 


At the fiftieth anniversary celebration of the University of Chicago 
in September Professor G. D. Birkhoff of Harvard University and 
Professor Oswald Veblen of the Institute for Advanced Study were 
awarded honorary doctorates. 


The degree of doctor of science has been conferred upon Professor 
P. W. Bridgman of Harvard University by Stevens Institute of Tech- 
nology. 


An honorary doctorate of science has been conferred by Harvard 
University and by the Polytechnic Institute of Brooklyn upon Dr. 
Vannevar Bush, president of the Carnegie Institution of Washington. 


An honorary doctorate of science has been conferred by Princeton 
University upon Professor Emeritus L. E. Dickson of the University 
of Chicago. 


Dean H. E. Hawkes of Columbia University received an honorary 
doctorate of laws from Bethany College. 


Professor J. W. Lasley of the University of North Carolina has been 
elected president of the Southeastern Section of the Mathematical 
Association of America. 
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Dr. Alfred Tarski of Harvard University has been awarded a Gug- 
genheim Fellowship. 


Dr. E. G. Begle and Dr. E. R. Kolchin have been awarded National 
Research Fellowships. They will study at the University of Michigan 
and the Institute for Advanced Study, respectively. 


The William Lowell Putnam Scholarship for 1941 for study at Har- 
vard University has been awarded to Mr. R. F. Arens of the Univer- 
sity of California at Los Angeles. 


Dr. J. H. Bell of the University of Wisconsin has been appointed 
research assistant by the National Research Council of Canada. 


Assistant Professor P. O. Bell of the University of Kansas has been 
appointed to a lectureship at Princeton University. 


Assistant Professor A. C. Berry of Columbia University has been 
appointed to an associate professorship at Lawrence College, Apple- 
ton, Wisconsin. 


Assistant Professor Augusto Bobonis of the University of Puerto 
Rico has been promoted to an associate professorship. 


Dr. C. E. Clark of Purdue University has been promoted to an 
assistant professorship. 


Mr. Paul Eberhart of Washburn Municipal University of Topeka, 
Topeka, Kansas, has been promoted to an assistant professorship. 


Dr. W. K. Feller of Brown University has been promoted to an 
assistant professorship. 


Dr. J. W. Green of the University of Rochester has been promoted 
to an assistant professorship. 


Dr. E. H. Hadlock of Cornell University has been appointed to an 
assistant professorship at Hastings College, Hastings, Nebraska. 


Dr. Marshall Hall of Yale University has been promoted to an as- 
sistant professorship. 


Dr. H. J. Hamilton of Pomona College has been promoted to an 
assistant professorship. 


Dr. I. E. Highberg of Whitman College, Walla Walla, Washington, 
has been promoted to an assistant professorship. 


Dr. Mabel G. Humphreys of Newcomb College has been promoted 
to an assistant professorship. 
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Assistant Professor E. D. Jenkins of Eastern Kentucky State 
Teachers College has been promoted to an associate professorship. 


Assistant Professor S. C. Kleene of the University of Wisconsin has 
been appointed to an associate professorship at Amherst College. 


Mr. R. A. McKean of Columbia University has been appointed to 
a lectureship at Polytechnic Institute of Brooklyn. 


Associate Professor H. B. MacDougal of South Dakota State Col- 
lege has been promoted to a professorship and will be acting head of 
the department of mathematics. 


Professor Szolem Mandelbrojt of the College of France will be visit- 
ing professor at Rice Institute during this academic year. 


Assistant Professor Anna E. Many of Newcomb College has been 
promoted to a professorship. 


Associate Professor R. H. Marquis of Ohio University has been 
promoted to a professorship. 


Dr. R. J. Michel of the University of Missouri has been appointed 
to a professorship at Southeast Missouri State Teachers College. 


Miss Florence L. Munroe of Northampton High School, North- 
ampton, Massachusetts, has retired. 


Dr. E. S. Quade of the University of Florida has been promoted to 
an assistant professorship. 


Associate Professor Rafael Sanchez-Diaz of the College of Agricul- 
ture and Mechanics Arts, University of Puerto Rico, has been pro- 
moted to a professorship. 


Dr. Arthur Sard of Queens College has been promoted to an as- 
sistant professorship. 


Dr. A. C. Schaeffer of Stanford University has been promoted to 
an assistant professorship. 


Assistant Professor I. J. Schoenberg of Colby College has been ap- 
pointed to an assistant professorship at the University of Pennsyl- 
vania. 


Mr. C. E. Stevens of Hofstra College, Hempstead, New York, has 
been promoted to an assistant professorship. 


Dr. M.S. Webster of Purdue University has been promoted to an 
assistant professorship. 
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Associate Professor C. H. Wheeler of the University of Richmond 
has been promoted to a professorship and will be head of the depart- 
ment of mathematics. 


The following appointments to instructorships are announced : Case 
School of Applied Science: Dr. E. L. Crow, Mr. P. E. Guenther; Uni- 
versity of Florida: Mr. R. D. Specht; Harvard University: Dr. Irving 
Kaplansky, Dr. C. E. Rickart; University of Maryland: Mr. E. N. 
Nilson; University of Michigan: Dr. C. J. Everett; Northwestern 
University: Mr. E. L. Buell, Mr. L. L. Cronvich, Mr. R. H. Stark; 
Ohio State University: Dr. E. J. Mickle; Pennsylvania State College: 
Dr. W. J. Harrington; Princeton University: Dr. Warren Ambrose, 
Dr. H. A. Arnold; University of Richmond: Mr. E. S. Grable; Smith 
College: Dr. Jeanne S. Le Caine; Stanford University: Mr. G. E. 
Forsythe; United States Naval Academy: Dr. Byron Cosby, Mr. 
C. B. Lindquist, Dr. A. W. McGaughey, Dr. Seymour Sherman; 
Vassar College: Alexandra I. Forsythe; Wellesley College: Miss 
Katharine E. Hazard. 


Professor G. Prange of the Technical School in Hannover died 
February 3, 1941. 


Professor D. D. Leib of Connecticut College died June 15, 1941. 
He had been a member of the Society since 1909. 


ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


330. A. A. Albert: Division algebras over a function field. 


Let D be a division algebra of degree m over its centrum K which is algebraic of 
finite degree over L(x). The author studies the least degree m of fields W of finite 
degree over L such that a composite of K and W splits D. Clearly n =m and one asks 
whether in general =m. The answer is in the negative, since if L is finite and 
K=L/(x), then m may be any integer divisible by m and such that every prime factor 
of n divides m. The property >» is not a function of the finiteness of L and this is 
indicated by proving it for m=2 and all fields L such that there exist at least two 
inequivalent quadratic extensions of L. In particular when L has characteristic two 
this result implies 2 >m also for any m =2¢. The paper mentions finally an unpublished 
master’s dissertation of Louis Gordon showing that if m=4 and K is algebraic of finite 
degree over L(x, - - - , x) then D may be non-cyclic if r>2 and the x; are independent 
indeterminates over L. However, it is proved that D is necessarily cyclic for r=2. 
(Received July 14, 1941.) 


331. A. A. Albert: Non-associative algebras. 1. 


The paper presents a new general theory of non-associative algebras. Any algebra 
A isa linear space L of finite order over a field. Multiplication in A is then defined by a 
linear mapping x—R, of L on the space of right multiplications R. of A. A second 
algebra Ao of the same order may be regarded as consisting of the same quantities as 
does A but with multiplication defined by xR”. Then A and Aare called isotopes, 
or isotopic algebras, if there exist non-singular linear transformations S, T, U on L 
such that pve =SR,U, y=x". Isotopy is then a widening of the concept of equivalence 
except in the case of associative algebras with a unity quantity where the concepts 
coincide. This possible widening accounts at least partly for the inordinately large 
number of algebras of low orders. It is shown that there exist non-commutative iso- 
topes with a unity quantity of commutative non-associative algebras with a unity 
quantity, and non-simple isotopes of simple algebras. Related topics inspired by 
isotopy and connections of the theories of associative algebras, Lie algebras and 
Jordan algebras are studied. (Received July 14, 1941.) 


332. Reinhold Baer: Automorphism rings of primary abelian opera- 
tor groups. 


The representation of a ring as the ring of all the automorphisms of a primary 
abelian operator group expresses significant inner properties of this ring, since there 
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exists essentially at most one such representation of a given ring. Thus it is the object 
of this investigation to expose invariant qualities of these automorphism rings. They 
are found to be peculiarities of their ideal-theory; and amongst these are listed a 
number which form a complete set of postulates for the class of all the automorphism 
rings of primary abelian operator groups, thus proving incidentally that these rings 
are completely determined by their ideal-theory. The properties of the ideals in these 
rings reflect so completely the structure of the underlying operator group that it is 
possible to prove the essential identity of the group of automorphisms of the ring 
and of the group of projectivities of the system of admissible subgroups of the under- 
lying operator groups. (Received July 31, 1941.) 


333. Richard Brauer: Investigations on group characters. 


The paper continues the previous work of C. Nesbitt and the author on modular 
characters of groups and their connection with the ordinary group characters. Let G 
be a group of finite order g= p*g’ where p is a prime which does not divide g’. Let F be 
an ordinary irreducible representation of G whose degree is divisible by p*~!. It is 
shown that the representations belonging to the block B of F (mod p) have the same 
property. The decomposition (mod p) of the characters of B can be described by a 
linear graph which is proved to be a tree. As an application, it can for instance be 
shown that a simple group of an order 4p*¢ (p, g primes, a2) must have order 60; 
a simple group of an order 3p*¢ (p, g primes, a2) must have the order 60 or 168. 
(Received July 29, 1941.) 


334. Richard Brauer: On the indecomposable representations of alge- 
bras. 


The indecomposable representations M of an algebra A are studied, that is, the 
representations M for which the underlying vector space is not the direct sum of two 
invariant subspaces. The necessary and sufficient conditions are obtained that M is 
an end constituent of the regular representation of A. In addition, cases are studied 
in which A has infinitely many non-equivalent indecomposable representations. (Re- 
ceived July 29, 1941.) 


335. R. H. Bruck: The number of absolute invariants of a tensor. 


From the method of L. P. Eisenhart (Continuous Groups of Transformations, pp. 
62 and 20) it is deduced for the complex field that the number of asetioeny inde- 
pendent absolute invariants, under GL(n), of a tensor T)=T7;'2""" ‘Z is equal to 
N—-Q, where the is the number of components of T;° and Q is a two- -way rank of 
The problem of finding Q reduces to the purely algebraic one of meeribiiiag the num- 
ber n?—Q of linearly independent tensors Fg satisfying (*) £08 FG = 0. The equations 
(*) may be replaced by the sets of Seltitadaia equations obtained by substituting 
in turn for T{3 each of its symmetrized parts (T. L. Wade, American Journal of Math- 
ematics, vol. 63 (1941), pp. 645-657). The method is applied to various tensors. 


(Received July 30, 1941.) 
336. R. H. Bruck and T. L. Wade: On a tensor algebra of Cramlet. 


In this paper some concepts and methods of the general theory of linear associative 
algebras of tensors developed recently by the authors (Bisymmetric tensor algebra, 
Parts I and II, to appear in American Journal of Mathematics; see also this Bulletin, 
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abstracts 47-5-184 and 47-5-185) are extended. This extended form of general tensor 
algebra is related to a particular tensor algebra considered by C. M. Cramlet (Annals 
of Mathematics, (2), vol. 31 (1930), pp. 134-150) in connection with differential forms. 
(Received July 26, 1941.) 


337. H. H. Campaigne: An example of a cogroup. 


An example is given which answers a question of J. E. Eaton (Theory of cogroups, 
Duke Mathematical Journal, vol. 6 (1940), pp. 101-197). It is shown that this cogroup 
cannot be derived from any group by any conjugation. (Received July 25, 1941.) 


338. A. D. Campbell: On the application of barycentric coordinates 
to lattice theory. 


One can label the elements of any specific lattice with barycentric coordinates in 
such a way that the least upper bound and the greatest lower bound of any two ele- 
ments can be read off from the subscripts of these barycentric coordinates. Also by 
using abstract sets for these subscripts (instead of integers) many old and new results 
in lattice theory can be proved quickly. If Pz is one element of a lattice and Pg an- 
other element then Pa(\Pg=Pa.g, where a: is the meet of the sets a and 8. Also 
Pa\) Pg = Pa.f,0., p Where a, B, da,g means the join of the sets a, 8 and dg,g and where 
q,g is a set whose presence in the subscript is caused by the presence of the join a, 8. 
The necessary and sufficient condition for a lattice to be modular is: If Pa, Ps, Py 
are any three elements of this lattice such that a<vy, then y- (¢¢,g—4a.g,y) =0. The 
necessary and sufficient conditions for a lattice to be distributive reduce to 
a: (48,7 —Ga-8,0-y) =0, where Pa, Pg, Py are any three elements of the lattice. These 
barycentric coordinates seem to offer great possibilities in the handling of lattice 
theory. (Received July 2, 1941.) 


339. P. W. Carruth: Arithmetic of ordinals with applications to the 
theory of ordered abelian groups. 


Hessenberg has defined a “natural sum” of ordinals, and Hausdorff has defined a 
“natural product” of ordinals. This paper gives new characterizations of these opera- 
tions. It is shown that Hessenberg’s natural sum of two ordinals a and 8 is the best 
bound for the order type of the join of two well-ordered subsets, of respective types a 
and 8, of an ordered set. Hausdorff’s natural product of two ordinals a and 8 is shown 
to be the best bound for the order type of a certain rectangular array of ordered ele- 
ments that has “a rows” and “8 columns.” Another application of Hausdorff’s natural 
product is given in determining a bound for the order type of the semi-group generated 
by a well-ordered subset of positive elements of an ordered abelian group. (Received 
June 6, 1941.) 


340. R. J. Duffin and R. S. Pate: Generalized groups and the Jordan- 
Holder theorem. 


Generalized groups (hypergroups, quasigroups, groupoids, and so on) arise by re- 
moving some of the group postulates. For a commutative group the Jordan-Hélder 
theorem concerns all subgroups, but if the commutative postulate is removed the 
theorem concerns only subgroups having a commutative behavior. Likewise the gen- 
eralized groups have a Jordan-Hélder theorem provided every postulate removed 
from the group as a whole is transferred in a suitable manner to the “subgroups” con- 
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cerned. Most generally the “group” becomes nothing more or less than a non-com- 
mutative, non-associative, multiple valued product. It is convenient to restore the 
unique product by adjoining subsets of elements to the original elements. The gen- 
eralized group becomes then a partially ordered set each of whose elements effects 
by the product operation an order preserving automorphism. It is to be emphasized 
that the Jordan-Hélder theorem for such a system is more than an analogy with the 
theorem for groups; indeed the theorem for groups is a direct consequence of the gen- 
eralized theorem. For a commutative group, what is meant by the Jordan-Hélder 
theorem is unambiguous, but for a non-commutative group the theorem applies to 
both principal series and to composition series. (Received July 30, 1941.) 


341. Fritz Herzog: On an application of a theorem by Burnside. 


The theorem, referred to in the title, states that if a Sylow subgroup of a finite 
group G is contained in the center of its normalizer, then G contains a normal subgroup 
the index of which is the order of that Sylow subgroup. This theorem is applied to 
obtain the result that a group of order g all of whose Sylow subgroups are abelian must 
be abelian itself if certain number theoretical relations between the prime factors of g 
are satisfied. As a conclusion from the latter theorem, the totality of all positive in- 
tegers g is determined which have the property that all groups of order g are abelian. 
(Received July 30, 1941.) 


342. S. A. Jennings: Central chains of ideals in an associative ring. 


Let A, B be any two (not necessarily distinct) ideals of an associative ring R; then 
the ideal A o B is defined to be the ideal generated by all elements of the form ab—ba, 
where a € A, b € B. A chain of ideals of R, R= Mi M2> - - DMnD> Mayi=0 
terminating with the 0-ideal isa central chain if M, o RO Mps1, p=1, 2,---. Aring 
with a central chain is said to have finite class. In particular every nilpotent ring is of 
finite class. For such a ring the lower central chain is defined by setting R=Mi, 
H,=H,-1 0 R. Properties of this chain analogous to those of the lower central series 
of a nilpotent group are obtained. Also the upper central chain is defined, correspond- 
ing to the upper central series in a group. A ring is said to be solvable if the chain 
defined by setting R= R® and R™ =R®» o R®-» terminates with the 0-ideal. Some 
criteria for a ring to have finite class and for solvability are obtained and some appli- 
cations considered. (Received July 25, 1941.) 


343. B. W. Jones: On an extension of a theorem of Witt. 


Ernst Witt (Journal fiir Mathematik und Physik, vol. 176 (1937), pp. 31-48) 
proved that if, in any algebraic field F of characteristic #2, there is a transformation 
= in Ftaking the vector space S,+ G, into S:+ G3, where S;and Gzare vector spaces 
in F orthogonal to S;, then there is such a transformation taking S: into G3. This paper 
proves the corresponding result for a ring R, of p-adic integers with p odd, where not 
only & but its inverse is in Rp. The same result holds for any ¥-adic ring over an alge- 
braic field where $ is a prime ideal relatively prime to 2. These results may also be 
stated in terms of quadratic forms. (Received July 28, 1941.) 


344. G. K. Kalisch: On Jordan algebras. 


An algebra A over a field F will be termed a Jordan algebra in case there exists 
an associative algebra B over F with an involutorial anti-automorphism J such that A 
is isomorphic to the algebra of the J-symmetric elements of B. Let C bea distributive 
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algebra of finite order over a field F contained in the field R of all real numbers. Sup- 
pose that the scalar extension CXR is the Jordan algebra defined as above for B 
either (1) the algebra of all n-rowed real matrices, (2) the algebra of all n-rowed com- 
plex matrices, (3) the algebra of all n-rowed matrices with quaternionic elements. 
Then it is proved that in all three cases the given algebra C over F is a Jordan algebra, 
in cases (1) and (3) for a normal simple algebra S over F such that SX R=B, and in 
case (2), for a simple algebra S over F with centrum K = F(g) where ¢=a<0 in F, 
J is an involutorial anti-automorphism of the second kind, and SX R=B. Finally a 
classification of such algebras is given by means of congruent matrices as in the Lie 
algebra theory of N. Jacobson. (Received July 21, 1941.) 


345. Morris Marden: The zeros of certain composite polynomials. 


In this article the relative location of the zeros of the polynomials A(z) =) tut, 
pus", C(z) is discussed. It is proved, for example, that, if 
all the zeros of A(z) lie in the ring 0S1,<|2| <r2< @ and if all the zeros of B(z) lie 
in the connected region bounded by two circles |z| =d.|z—m| and |z| =d2|z—m|, 
then all the zeros of C(z) lie in the ring Ri<|z| SR2, where Ri=1,|B(0)/B(m) |, r:d°, 
or r, and R2=f2, red}, or r2| B(0)/B(m)| according as 0S); $1, $1 or 
1<); 2. A similar theorem is proved for the case that all the zeros of A(z) lie in a 
half-plane. The theorems found here are generalizations of theorems due to Laguerre, 
Pélya, and Weisner. The results are also extended to entire functions of genre 0 or 1. 
(Received July 29, 1941.) 


346. Deane Montgomery and Leo Zippin: A theorem on Lie groups. 


This note gives and proves a partial generalization of the following theorem: Let G 
be a Lie group and let G* be a compact subgroup of G. Then there exists an open set O 
including G* which has the property that if H is a subgroup of G which is in O, then 
there exists an element g in G such that g~'Hg is in G*. This can be regarded as a gen- 
eralization of the theorem that a Lie group has no subgroup near the identity except 
the identity itself. (Received July 3, 1941.) 


347. D. C. Murdoch: Automorphisms and quasi-groups. Prelimi- 
nary report. 

An abelian quasi-group is one which satisfies the law (ab)(cd) = (ac)(bd). It is said 
to be right nilpotent if the series of successive right unit subquasi-groups terminates 
in an idempotent element. Every right nilpotent quasi-group is a direct product of 
cyclic quasi-groups. If it is both left and right nilpotent then there exists a composition 
series in which successive quotient groups are all associative, and therefore ordinary 
groups. These and other results may be translated into statements concerning auto- 
morphisms of abelian groups. (Received July 28, 1941.) 


348. Ivan Niven: The mth roots of a quaternion. 


Any quaternion which is not a real number has exactly m distinct mth roots. These 
are exhibited in terms of the quaternion and the complex roots of the real quadratic 
equation satisfied by the quaternion (involving the trace and norm as coefficients). 
Areal number has infinitely many mth roots in quaternions if m=3; if m=2, there are 
infinitely many square roots or just two according as the real number is negative or 
not. The method depends upon the establishing of a real equation satisfied by the 
quaternion; such an equation must be divisible by the quadratic referred to above. 
(Received July 29, 1941.) 
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349. Rufus Oldenburger: The factorization of polynomials. 


It is proved that a polynomial f in one variable factors for a field K intoa product gh 
of relatively prime polynomials g and h if and only if a certain polynomial F associated 
with f can be written for K as a sum G+H, where G and H are related to g and h 
respectively in the same way as F is to f. The sum G+A corresponds uniquely to the 
product gh. The reducibility of a polynomial in one variable, with respect to a field K, 
is thus transformed into the problem of splitting a second polynomial into a certain 
sum of polynomials. Using these results it is shown that a binary form B with coeffi- 
cients in a field K can be written in a finite number of ways asa sum U-+M of binary 
forms with coefficients in K, where if K is extended to a closed field K’, the form U 
has a unique minimal representation with respect to K’, and M is a form of degree n, 
whose minimal number cannot be increased by the addition of a term aL", L linear, to 
M. The splitting of B into U+M is invariant in the usual sense. (Received July 28, 
1941.) 


350. Gordon Pall: Quaternions and sums of three squares. 


U. V. Linnik (Bulletin of the Academy of Sciences of the USSR, Mathematics Series, 
vol. 4 (1940), pp. 363-402) gives the following result: Let p be an odd prime, m large, 
m#4k or 8k+7, (—m| p) =1, x3 = —m (mod p). Then as x ranges over all proper pure 
quaternions 1;%;+-i2%2+-i:x; of norm m, every quaternion of norm p occurs as a left- 
divisor of x9+x. His proof has the following serious error, which is adjusted in this 
article: He supposes that the number of representations as a sum of three squares of 
a binary quadratic form of determinant D does not exceed c,D*‘. (Received June 5, 
1941.) 


351. H. A. Simmons: Classes of maximum numbers associated with 
two symmetric equations in n reciprocals. 


The terminology used in stating the results here is that which was employed in 
the author’s article with W. E. Block (Duke Mathematical Journal, vol. 2, p. 317). 
The first equation considered is (a=(c+1)b—-1, 
a(x) =x1%2° ++ in which b, c, and m are arbitrary positive integers, n>1, and 
the a; are any non-negative real numbers. The second equation is Yonn-2(1/x) 
+AD =b/a, in which a and bare arbitrary positive integers, 
n>2, d is a non-negative integer, and u is a positive integer. The Kellogg-solution 
of each of these equations is shown to have the remarkable properties. These results 
are obtained through several innovations of the previous methods of identifying maxi- 
mum numbers. A new lemma and a new term, “s-set,” play important roles relative 
to each equation. Another element of newness in the argument relative to the second 
equation is the introduction for the sought maximum number of an upper bound 
analogous to an upper bound that Curtiss (American Mathematical Monthly, vol. 29, 
pp. 380-387) used in his solution of Kellogg’s Diophantine problem. (Received July 
28, 1941.) 


352. Olga Taussky and Ernest Best: A class of groups. 


A t-group G is a group in which every subgroup g: self-conjugate in a subgroup gi, 
itself self-conjugate in G, is self-conjugate in G. A t-group can also be defined as a 
group for which composition and chief series coincide. Abelian, hamiltonian and simple 
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groups are trivial examples. In this paper general properties of t-groups and a large 
class of non-trivial t-groups are investigated. This class includes those groups which 
have cyclic Sylow subgroups, in particular all groups with square-free order. (Re- 
ceived July 10, 1941.) 


353. R. M. Thrall: On symmetrized Kronecker powers and Lie repre- 
sentations of the full linear group. 


Let & be the free Lie ring with m generators and denote by &* the ideal of & gener- 
erated by all monomials of degree 7 in the generators. The factor ring L‘/L‘+! serves 
as representation space for a representation A—L;(A), called the ith Lie representa- 
tion, of the full linear group, GL(m). A recursion formula is obtained for trace L;(A) 
which expresses it as a sum of terms each the trace of a Kronecker direct product of 
symmetrized Kronecker powers of L;(A) with j7<+. The first part of the paper is 
therefore devoted to a study of the analysis of the symmetrized Kronecker powers 
of an arbitrary representation of GL(m). In the final sections of the paper the specific 
analysis of L;(A) is given for i<10. The decomposition of the various Lie representa- 
tions is closely associated with the determination of characteristic ideals of %. (Re- 
ceived July 23, 1941.) 


354. T. L. Wade: Euclidean concomitants of the ternary cubic. 


The results of C. M. Cramlet (this Bulletin, vol. 34 (1928), pp. 334-342) and of 
the writer (this Bulletin, vol. 47 (1941), pp. 475-478) which relate tensor algebra and 
invariant theory are used in the construction, reduction, and investigation of the geo- 
metric interpretations of euclidean concomitants of the ternary cubic Ta.X*X°X¢. 
Here a, b, c=1, 2, 3 and Tas, is symmetric. (Received July 19, 1941.) 


355. Louis Weisner: Roots of certain classes of polynomials. 


From two polynomials ¢(z) and f(z) =) ae", form the polynomial g(z) 
=) c(2k —n)z*. The author proves: (1) If the roots of $(z) lie on the axis of pure 
imaginaries and the roots of f(z) in the ring nS |2| rz, then the roots of g(z) lie in 
this ring. (2) If the roots of ¢(z) lie in the half-plane Rz <0, and the roots of f(z) in 
the circular region || <r, then the roots of g(z) lie in this circular region. (Received 
June 20, 1941.) 


356. L. R. Wilcox: Complementation and modularity in lattices. 


Let L be a lattice with 0, 1. If a, bE L, then c is a left (right) complement within 5 
of a in a+b if cSb, c+a=b+a, and (c, a)1((a, c)1), where (c, a). means ca=0 
together with (d+-c)a=d+ca for every da. If for every a, bEL there exists a left 
(right) complement within b of a in a+b, then L is said to be left (right) comple- 
mented. Properties of these notions are studied and some of the results are the follow- 
ing. (1) If (a, b) is a modular pair, then c is a right complement within b of a in a+5 
if and only if c isa right complement within b of ab in b. (2) If L is left complemented, 
then L is right complemented, the converse of (1) holds, and L is symmetric in the 
sense that the relation of modularity is symmetric. (3) If L is left complemented, 
and if S is the set of all products bc with (6, c) not modular, then xES, y <x implies 
yES. A class of examples of left complemented lattices arising as subsets of a modular 
lattice is given, and the foundations of an extension theory for left complemented 
lattices are laid. (Received July 30, 1941.) 
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357. A. T. Brauer: On the least quadratic non-residue. 


Let p be a prime and d the least quadratic non-residue (mod p). The best estimate 
for d was obtained by Vinogradow by analytical methods. This estimate, however, 
is valid only for sufficiently large primes. It is of interest to obtain such estimates also 
by elementary methods, in particular if these estimates are valid for all primes or for 
all primes of a fixed set. Gauss’s first proof of the law of reciprocity gives such a bound 
for the primes of the form 8”+-1. His result was improved and generalized by Schur, 
Nagell, and the author. In this paper these results will be improved still further. 
Moreover the author obtains bounds for the least quadratic non-residue which is not 
divisible by d, and bounds for the number R of quadratic residues and for the number 
N of quadratic non-residues which are less than p/?. This latter result improves theo- 
rems of Pélya, Schur, and Landau for a special case. (Received July 29, 1941.) 


358. Leonard Carlitz: Note on generalized Bernoulli and Euler num- 
bers. 


H. S. Vandiver (Proceedings of the National Academy of Sciences, vol. 23 (1937), 
pp. 555-559) has introduced certain numbers that he calls generalized Bernoulli num- 
bers of the rth order. For the first order they are defined by b,(m, k) =(mb-+-k)*. For 
these numbers Vandiver proyes a generalized Staudt-Clausen theorem. The present 
note contains a simple proof of this theorem using Lucas’ method. By means of 
this method a theorem of the same type is proved for the generalized number 
(m,b+k:)™ - - - (mb+k,)"* which is suggested by certain Bernoulli polynomials in 
several variables. For the corresponding Euler numbers congruences of Kummer’s 
type are derived. (Received July 30, 1941.) 


359. Leonard Carlitz: The coefficients of the reciprocal of a series. 


A. Hurwitz (Mathematische Annalen, vol. 51 (1899), pp. 196-226 and Mathe- 
matische Werke, vol. 2, pp. 342-373) defined rational numbers E,, by means of 
e(u)=1 (2"E,, where is the Weierstrass func- 
tion for the lemniscate case. Making use of the complex multiplication of 9(u) he 
proved a theorem of the Staudt-Clausen type for E,,. The present paper is concerned 
with series of the form f(u) =r AmUm/m!, where a» is integral. Let the inverse of f(u) 
be \(u) =)_emtém/m!, and assume that em is a multiple of (m—1)! Then theorems of 
the Staudt-Clausen type are proved for the coefficients in the expansion of u/f(u) 
and u?/f?(u). The latter includes Hurwitz’ theorem (except for the partial fraction 
corresponding to the prime 2). The method is entirely elementary and makes use of 
certain general ideas on series of the form f(u) due to Hurwitz. (Received July 30, 1941.) 


360. J. M. Dobbie: A certain method in additive number theory. Pre- 
liminary report. 


Ratio difference equations are used to generate identities involving sums of squares 
of integers. The method is that used by Carmichael in his lectures and follows a 
method of Cauchy (Oeuvres, series 1, vol. 8, pp. 42-115). It is related to the well 
known theta function method of Jacobi. Starting with the equation u(x) =(1—tx)u(tx), 
0<|t| <1, the function 
+(1+#x)(1+#x™) is introduced and is expanded into a series about its poles. Spe- 
cial cases of the resulting identity are the classic identities for the forms a?+5?, 
a?+2b?, a?+3b?. By raising G(x, #) to powers, identities for treating the forms 
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Dit (m any positive integer, r=1, 2, 3) are obtained. Other values of r 
can be treated by extending the function G(x, t). This has been done for r=4, 5, 7, 
but the expansion for general r has not been obtained. The method also has been used 
to treat certain related forms. (Received July 29, 1941.) 


361. R. D. James: On the sieve method of Viggo Brun. 


A. A. Buchstab (Matematicheskii Sbornik, vol. 46 (1938), pp. 375-387, and 
Comptes Rendus de |’Académie des Sciences, URSS, vol. 29 (1940), pp. 544-548) 
has made improvements in the sieve method and so obtained more precise results. 
It is the purpose of this paper to point out that his method applies equally well to 
any infinite set of primes satisfying certain conditions. By applying the method to the 
set of primes congruent to 3 (mod 4), for example, it is shown that there is an infinite 
number of integer pairs n, +4, each having exactly one prime factor congruent to 3 
(mod 4). (Received July 28, 1941.) 


362. Ivan Niven: Quadratic diophantine equations in the rational 
and quadratic fields. 


Consider the general quadratic equation in two variables with rational integral 
coefficients, with non-negative discriminant (this restriction being imposed in order 
that the graph of the equation be not restricted to a finite region of the plane). Then 
one solution in integers of this equation implies infinitely many such solutions if and 
only if the graph of the equation is not an hyperbola with rational asymptotes or a 
pair of essentially irrational straight lines. If the coefficients of the equation are in- 
tegers of a real quadratic field, one solution in integers of the field implies an infinite 
number if and only if the equation does not represent one of the following: no locus, 
a point, a pair of straight lines with coefficients essentially outside the quadratic field, 
or an ellipse with totally negative discriminant. A similar theorem is obtained for 
imaginary quadratic fields, the results being similar to the rational case. The prin- 
cipal parts of these theorems are proved by use of criteria for the solvability of the 
Pell equation in rational and quadratic fields; the criteria for quadratic fields are de- 
termined with the help of a theorem of Hilbert on the units of algebraic fields. (Re- 
ceived July 28, 1941.) 


ANALYSIS 
363. R. P. Agnew: Analytic extension by Hausdorff methods. 


Let x(t), 0S¢<1, be a mass function which generates a regular Hausdorff method 
of summability H(x). Let the number r, which is the greatest lower bound of numbers 
p such that x(¢) is constant over pSt<1, be called the order of H(x). Let D-cn2" be 
a power series with a positive finite radius of convergence. Corresponding to each 
vertex ¢ of the Mittag-Leffler star, let B(r, £) denote the set of points z for which 
|s—(1 —r-)¢| <r| | . Let B(r) denote the set of inner points of the intersection 
of the sets B(r, £). It is shown that Dens” is uniformly summable H(x) over each 
closed subset F of B(r). The geometric series yz" is non-summable H(x) at each point 
exterior to the closure of B(r). A series Dun is called summable & to a if there is at 
least one regular method H(x) which evaluates }-u, to «. Some properties of the 
method 3C are obtained. The existence of series with bounded partial sums which are not 
summable 3 is implied by the following Tauberian gap theorem. If O0<m<m<---, 
if npy1/np— © as p> ©, if un =O when n¥m, m2, , and if summable %, then 

Un is convergent. (Received June 23, 1941.) 
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364. R. P. Agnew: On Hurwitz-Silverman-Hausdorff methods of 
summability. 


Let H(x) denote a regular transformation of the type defined by Hurwitz and 
Silverman and by Hausdorff, and let u(z) be the moment function generated by x(é). 
It is shown that if gis a complex number for which g~0 and Rg=0, then the sequence 
k!/(k—g)! is summable H() if and only if u(g) =0. Applications are given to the prob- 
lems of relative inclusion of methods H(x), inclusion of methods H(x) by Abel’s 
method, and omission and adjunction of terms in summable series. (Received July 25, 
1941.) 


365. R. P. Agnew and Mark Kac: On differences of elements of sets 
having positive Haar measure. 


Let | A| denote the Haar measure of a set A in a metric separable locally compact 
space E whose elements x constitute a continuous group. Using + for the symbol of 
combination, let the element 0 for which x+0=0+x=<x be the origin of the space, 
and let —x denote the inverse of x. It is shown that if | A| >0, then the set A(A) of 
points x representable in the form a—6 where a, bE A contains an open set containing 
the origin. Applications and related results are given. (Received July 25, 1941.) 


366. J. D. Bankier and Walter Leighton: Arithmetic continued frac- 
tions. 


Galois’ theorem is generalized. A convergent pure periodic continued fraction, 
none of whose partial numerators is equal to zero, is considered. The value y of the 
continued fraction is determined by solving a quadratic equation, and the other root z 
is called the conjugate of y. It is shown that if the continued fraction which is formed 
by reversing the period converges, its value is —z. This result is used to study proper 
continued fractions. It is proved that, if y=w+J, where w is a reduced quadratic 
irrational with an odd number of terms in the period of its regular continued fraction 
expansion, and J isan integer, then y admits an infinitude of periodic proper continued 
fraction expansions, the partial numerators being equal to the same positive integer 
and the period consisting of two terms with a preliminary period of two terms. Neces- 
sary and sufficient conditions that a fraction be equal to an approximant of a proper 
continued fraction are obtained. (Received July 28, 1941.) 


367. E. F. Beckenbach: Vector formulations of Morera’s theorem. 

Integral conditions are given which imply that a continuous vector of compo- 
nents X;(x1, x2, ,Xn),t=1, 2, ---,m, be both irrotational and solenoidal. For n =2, 
the results reduce to Morera’s theorem. (Received August 1, 1941.) 


368. Stefan Bergman and D. C. Spencer: Some properties of pseudo- 
conformal transformations in the neighborhood of boundary points. 

In this paper the theorem of Lindeléf on the behavior of an analytic function in 
the neighborhood of a discontinuity is generalized to a pair of functions of two com- 
plex variables. (Received July 28, 1941.) 
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369. D. G. Bourgin: Some properties of Banach spaces. 


The interrelations of various characterizations of Banach spaces and their subsets 
are considered. The main concepts are those of the weak topologies, weak compactness 
and completeness of order Na, a generalization of quasi-uniformity of convergence, 
weak convergences, an extension of the Helly property to non-denumerable sets of 
equations and reflexivity. An example is given of a bicompact set in the unit sphere 
of the conjugate space, E*, using the weak topology of E* as functionals, which con- 
tain no non-trivial weakly convergent sequences. (Received July 28, 1941.) 


370. R. H. Cameron: Quadratic convolution equations. 


This paper deals with the second degree Stieltjes integral equation [[A(x—t 
—u)df(t)df(u) +2/B(x —t)df(t)+C(x) =0, in which A(x), B(x), C(x) are given func- 
tions of bounded variation on the infinite interval, and seeks solutions f(x) of the same 
sort. (All integrals and sums are from — © to ©.) Sufficient conditions are given for 
the existence of two and only two normalized solutions, and also for the reality of 
the solutions. The special cases —t—u)o(t)o(u)dtdu+2J [poo(t) ]o(x—t)dt 
+2gob(x) +R(x) =0 and yttytty+2>_ are also considered, func- 
tions and sequences being of class L; and ; respectively. (Received July 24, 1941.) 


371. C. C. Camp: A convergence proof involving an inseparable mul- 
tiple contour integral. 


In removing the restriction assumed in a former paper (American Journal of 
Mathematics, vol. 60, p. 452), that aj;i(xj) maintain its average value over every 
subinterval for x; involved in the auxiliary condition the author treats the analogue 
of W;(»;), which is no longer a function of one complex variable. It is proved, however, 
that the real parts of the zero-places of W;(z:, 22) for the case p=2, (j=1, 2), are 
bounded. The residues of the corresponding Green’s system are then worked out ac- 
cording to Poincaré’s forms for a simple place (z;*, z*) and when W; has a double 
root while W;_;0 at the place (z2!), 2”). The proof of convergence requires two lem- 
mas different from previous ones in that they cannot be written as products of in- 
tegrals of single variables. The polycylinder interpretation is sufficient here although 
one might include the more general surfaces recently treated by S. Bergman. Exten- 
sions to the case of p>2 and to functions a;;(x;) which may change sign are indicated. 
(Received July 18, 1941.) 


372. M. M. Day: Ergodic theorems for abelian semi-groups. 


Improving the methods of an earlier paper (abstract 46-5-257), this paper uses 
the second conjugate space and its compactness properties to simplify the proof of 
the ergodic theorem for a bounded abelian semi-group of transformations of a Banach 
space into itself. Various supplementary results are also given. For example there is 
a non-trivial invariant set-function defined over all the subsets of each abelian semi- 
group. This and the main theorem imply that every element of a reflexive space B 
is ergodic in the sense of Alaoglu and Birkhoff (Annals of Mathematics, (2), vol. 41 
(1940), pp. 293-309) and under each bounded abelian semi-group of transformations 
in B. (Received June 28, 1941.) 


373. M. M. Day: Operations in Banach spaces. 


A theorem of Banach (Théorie des Opérations Linéatres, p. 80, Theorem 5) states 
that if A and B are Banach spaces and if U,, m=1, 2,--- , are linear operators on A 
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to B such that lim sups || Un(a)|| < © for each a in A, then lim supa || Up|| < ©. This re- 
lation need not hold if the sequence of integers is replaced by any directed set X and 
this paper is mainly concerned with the problem of boundedness suggested by this. 
Characterize the triples {A, B, X}, where A and B are Banach spaces and X 
is a directed set, such that the operators Uz on A to B can be chosen so that 
lim sup, || U,(a)|| < © for every a in A while lim sup. || U.|| = ©. Let P be the class 
of such triples. Typical results are these: (1) {A, B, X} EP for every B if there is 
a Bosuch that {A, Bo, X} EP. (2) If {A, B, X}€P and Y>X in the sense of Tukey 
(Convergence and Uniformity in Topology, Princeton, 1940), then {A, B, X}EP. 
(3) If {A, B, X} EP and there is a linear operator taking a Banach space A’ into all 
of A, then {A’,B, X}€P. (4) A is not finite dimensional if and only if X and B exist 
so that {A, B, X} EP. (5) X is essentially sequential if and only if no A and B exist 
such that {A, B, X} EP. (Received June 28, 1941.) 


374. M. M. Day: Reflexivity criteria for a Banach space. 


An elementary proof not involving integration is given for a theorem of Goldstine 
(Duke Mathematical Journal, vol. 4 (1938)) that weak completeness of a general sort 
implies reflexivity of a Banach space B. The principal tool is a lemma on the distance 
from the zero element of B to the intersection of a finite number of hyperplanes in B; 
an attempt to use the same criterion for the intersection of , hyperplanes (A=0) 
leads to a new criterion for reflexivity of B and to the extension of a number of known 
conditions for reflexivity of B to conditions for reflexivity of every &)-separable sub- 
space of B. Many of the results are related to those of Smulian (Comptes Rendus 
(Doklady) de I’Académie des Sciences de 1’URSS, vol. 18 (1938)). (Received July 23, 
1941.) 


375. R. J. Duffin and J. J. Eachus: A Paley-Wiener type expansion 
theorem. 


The following expansion theorem is easy to prove: Let {Ans} (nm, k=1,2,---) be 
a matrix of constants such that | Anx| <a:. Let {7%} be a séquence of bounded linear 
transformations with corresponding bounds {t:}. Let {f,} be a complete orthonormal 
sequence of functions and define gn =fn +). Then if ait <1 the sequence 
of functions {gn} is strongly complete in the sense of Paley and Wiener, Fourier 
Transforms in the Complex Domain, p. 100. The modus operandi of the proof is “the 
method of separation of variables.” The theorem is easy to apply upon observing 
that multiplication by a bounded function is a bounded linear transformation of 
Hilbert space. For example, new results are obtained for the non-harmonic Fourier 
series. Thus the sequence of functions {e»=}, n=0, +1,--- where {An} is a se- 
quence of complex numbers satisfying |, —n| SL is strongly complete for L <log 2/x. 
This is clearly a better value than 1/zx? obtained by Paley and Wiener. The best value 
is not known but a theorem of Levinson gives an upper limit of 1/4. (Received July 30, 
1941.) 


376. R. J. Duffin and A. C. Schaeffer: Power series with bounded 
coefficients. 


The following theorem of Szegé is well known: If f(z) =)lo anz” has only a finite 
number of different coefficients and if f(z) is continuable beyond the unit circle then 
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it isa rational function. In this paper the following stronger assertion is proved: If 
f(z) =>-¢an2" has only a finite number of different coefficients and if f(z) is bounded 
in some arc of the unit circle, then it is a rational function. Of central importance in 
the proof is a recent result of Cartwright which states that if ¢(w) is an entire function 
such that | ¢(w)| =O(e#l+l), &<z, and if ¢(w) is bounded for integer values of w then 
it is bounded on the entire real axis. Some generalizations of Cartwright’s theorem 
are obtained, and it is shown that these generalizations can be used to obtain gap 
theorems which overlap those of Paley and Wiener, Fourier Transforms, p. 124. 
(Received July 30, 1941.) 


377. J. M. Earl: Polynomials of interpolation on an infinite interval. 


If f(x) is an arbitrary function of x with upper bound M, then the interpolating 
polynomial of degree m which assumes the value f(x) for »+1 values of x has an upper 
bound which depends on M and the distribution of these +1 values of x. If the 
interval on which f(x) is defined is infinite and the manner in which f(x) becomes 
infinite when x becomes large numerically is suitably restricted, then the distribution 
of the +1 values of x may be chosen so that an upper bound for the magnitude of 
the product of a weight function and the interpolating polynomial may be obtained 
for the whole infinite interval. It is possible in this manner to obtain theorems on the 
convergence of polynomials of interpolation to a given function on an infinite interval. 
For example, if f(x) has a pth derivative which satisfies a Lipschitz condition on the 
doubly infinite interval and the +1 points of interpolation are equally spaced on an 
interval for which | x| n*/4, then the difference of f(x) and the interpolating poly- 
nomial, multiplied by the exponential of the negative of x square, does not exceed a 
constant multiple of 22 log n, where g= —(p+1)/4. (Received July 31, 1941.) 


378. Paul Erdés and Gabor Szegé: On a problem of I. Schur. 


Let n=3, —1Sx9S+1, and let K,(xo) denote the class of polynomials f(x) of 
degree for which f(x) | Siin —1Sx3+1 and f’’(xo)=0. The main purpose of 
this paper is the determination of the maximum m, -n? of | f "(x0)| as f(x) © Ku(xo) 
and xo runs from —1 to +1. It is shown that, for sufficiently large m, this maximum 
is attained for x»= +1 and for certain polynomials which were introduced and in- 
vestigated by G. Zolotareff. Furthermore lim,..m,=k~*(1—E/K)?=0.3124 - - - 
where k? is the only root of the transcendental equation (K —E)?+(1—k?)K —(1+22)E 
=0, —1<k?<+1. Here K and E denote the complete elliptic integrals associated 
with the modulus k?. A brief study of the polynomials of Zolotareff is included. Short 
proofs of two theorems of Zolotareff are given. (Received August 1, 1941.) 


379. L. R. Ford: The proper fractions. 


The proper fractions are the rational numbers between 0 and 1. The following 
formula is typical of the results obtained in this paper: )_(q* sin px/g)-?=5/x?—1/3, 
where the summation extends over all proper fractions p/g. (Received July 28, 1941.) 


380. Bernard Friedman: Fourier coefficients of odd functions. 


Given an odd measurable function f(x) whose absolute value is less than one. 
Let }-b, sin nx be its Fourier series. Then an nth order determinant is obtained which 
expresses the necessary and sufficient condition satisfied by the first m coefficients. 
The method is similar to that of a previous paper (this Bulletin, vol. 47 (1941), pp. 84— 
92). (Received July 30, 1941.) 
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381. H. L. Garabedian: A class of linear integral transformations. 


This paper involves a study of a class of integral (kernel) transformations, first 
considered by Silverman, which has its analogue in the Hausdorff theory of raatrix 
transformations. In view of certain recent developments in the field of Hausdorff 
matrix transformations it has been found possible to clarify certain obscurities in 
Silverman's work, and to make significant extensions of Silverman’s results on inclu- 
sion and equivalence relations among Hausdorff integral transformations. (Received 
July 3, 1941.) 


382. H. L. Garabedian: Theorems relating to the Cesdro kernel trans- 
formation. 


It is the object of this paper to determine conditions on the kernel k(s, #), of a 
regular transformation 2(s) =/<k(s, )x(é)dt, in order that the method of summation 
defined by the transformation shall include Cesaro summability (C, a) with the kernel 
a(1—t/s)*-!/s, 2>0. Two theorems are obtained, corresponding to the two cases in 
which a@ is an integer or is not an integer, and examples are given in illustration of 
them. (Received July 3, 1941.) 


383. Abe Gelbart: On some properties of mapping functions. 


In this paper inequalities are obtained for the coefficients of the mapping function 
in one complex variable which transforms a given domain, simply- or multiply-con- 
nected, into a schlicht domain which omits three points, by using the method of the 
minimum integral (Bergman, Comptes Rendus de |’Académie des Sciences de l’URSS, 
vol. 16 (1937), pp. 11-14). Analogous inequalities can be obtained for functions of two 
complex variables. (Received July 28, 1941.) 


384. T. F. Glass and Walter Leighton: On the convergence of con- 
tinued fractions. 


Sufficient conditions for the convergence of the continued fraction K[a,/1] are 
that | @en4:| <r, where r is an arbitrary positive number $3, and that the numbers 
lie in a region defined by the relations: 22(1+1)?[1—cos (02.+a0) | 
(x +09 S2x), where ao=2 arc sin r. This sharpens a criterion due to Leighton and 
Wall. (Received July 28, 1941.) 


385. P. R. Halmos and John von Neumann: Operator methods in 
classical mechanics. 


A measure space is normal if (1) points have measure zero, (2) the family of all 
measurable sets contains a Borel field B with a countable number of generators, sets 
of which “cover” every measurable set and separate every two points, and (3) the 
range of each real-valued univalent function f(x), measurable (B), is a Borel set. A 
measure space is isomorphic to the unit interval if and only if it is normal. A subset E 
of the unit interval is absolutely invariant if for every measure preserving transforma- 
tion T of the unit interval on itself the symmetric difference of E and TE has measure 
zero. A measure space satisfying conditions (1) and (2) is isomorphic to an absolutely 
invariant set if and only if every measure preserving automorphism of the Boolean 
algebra of measurable sets modulo sets of measure zero is induced by a point trans- 
formation. Every measure preserving transformation with discrete spectrum on a 
normal space is isomorphic to a translation on a compact separable abelian group, and 


| 

| 


1941] ABSTRACTS OF PAPERS 697 


hence to an isometric transformation. Conversely every isometric ergodic measure 
preserving transformation of a metric, complete, separable space with a regular meas- 
ure has discrete spectrum. Similar results hold for measurable flows. (Received July 
11, 1941.) 


386. F. B. Jones: Measure and other properties of a Hamel basis. 


A Hamel basis is a set of real numbers a, b, c, - - - such that each real number 
can be expressed uniquely in the form aa+$b+yc+ ---, where a, B, y,- ++ are ra- 
tional numbers of which only a finite number are different from zero. Certain measure 
conditions under which a set (of a large class of sets, including all analytical sets) 
shall contain a Hamel basis are obtained which are both necessary and sufficient. 
Although no Hamel basis is an analytical set, an example of a Hamel basis which 
contains an infinite perfect set is given. Some of the rather peculiar properties of this 
perfect set are pointed out. (Received July 21, 1941.) 


387. Mark Kac: Convergence and divergence of non-harmonic gap 
series. 


Consider the series). _ net, where), isa real number satisfying the gapcondition 
(n=1, 2,---). If the first series converges almost 
everywhere for — © <t< . If a stronger gap condition is assumed; namely, An41/An 
>q>(5"2+1)/2, then the divergence of | implies the divergence almost 
everywhere of the first series. The proofs refer to the work of Marcinkiewicz and 
Zygmund on harmonic gap series. (Received July 26, 1941.) 


388. S. Kakutani: A class of examples of mixing flows 


The following theorem is proved: Let @ be the space of all sequences{x,} 
(n=---, —1,0,1,---), with OSx, 31, and with the usual independent measure 
defined multiplicatively in terms of Lebesgue measure on each coordinate. Let T be 
the transformation on this space taking each point w= {x,} into the point To = {xn4:} 
and let T; be a flow built on this transformation under a function f(w) which depends 
only on a single coordinate: f(w) =f(xo). (For the definition of a flow built under a 
function see W. Ambrose, Annals of Mathematics, July, 1941.) Then 7; is a strong 
mixing flow unless all values taken by the function f(w) (except for a set of measure 
zero) are integral multiples of some constant c. If all values taken by f(w) are integral 
multiples of some constant c, then the flow has a non-empty point spectrum. The proof 
of this theorem is accomplished by use of a Tauberian theorem of N. Wiener. (Re- 
ceived July 26, 1941.) 


389. S. Kakutani and W. Ambrose: Structure and continuity of 
measurable flows. 


Various theorems about the structure of measurable flows are obtained. In par- 
ticular it is shown that on a measure space (i.e., a space on which a countably additive 
finite valued measure is defined) satisfying the following two conditions: (1) there 
exists a (countable) sequence of measurable sets such that for every pair of points 
some member of the sequence contains one but not both of the points, and (2) the 
measurable sets are obtained by completing (i.e., by throwing in all subsets of sets of 
measure zero) a Borel field determined by a countable collection of sets (both of these 
conditions are clearly satisfied by Lebesgue measure in euclidean space) every meas- 
urable flow (other than the identity) is isomorphic to a flow built under a function 
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(for definition see Ambrose, Annals of Mathematics, July, 1941) and also toa continu- 
ous flow on a separable metric space with a regular measure. (Received July 26, 
1941.) 


390. R. B. Kershner: On the packing of convex regions in the plane. 
Preliminary report. 


By a packing of a convex region R in the plane is meant a configuration consisting 
of a finite or infinite collection of congruent images of R placed in a nonoverlapping 
way upon the euclidean plane. The density of such a packing is defined in an obvious 
way and represents the proportion of space covered. By the packing constant 7(R), 
for a given convex region R, is meant the least upper bound of the set of densities cor- 
responding to all packings of R. It is shown that there is an absolute constant k>0 
such that 7(R) 2k for all convex regions R. The regions (polygons) for which y(R) =1 
are determined. As a lemma the area A, of the minimum n-gon containing a given 
convex region of area A is discussed and the order of magnitude of 1—(A,/A) is 
determined. (Received July 28, 1941.) 


391. R. E. Langer: A theory for ordinary linear differential boundary 
problems of highly irregular type. 


A general theory for boundary problems, which in matrix notation are y’= 
{AR(x)+O(x) } y, =0, has hitherto been given only for cases 
classified as regular or mildly irregular. For highly irregular problems, results have 
been obtained only in markedly special cases (papers by J. W. Hopkins, L. E. Ward, 
and J. I. Vass), and even then no theorems of a generality comparable with those 
known for regular problems have been found. In this paper the highly irregular prob- 
lem is approached by a new method, in which it is imbedded in a continuous aggregate 
of problems of which all other members are regular. Its expansion theory is thus sought 
through limiting processes from existing theory. A sub-classification of highly irregu- 
lar problems is found to be called for. For the expansions associated with problems of 
the one category (which includes all those for which any discussions are in the litera- 
ture) the convergence of regular expansions is made to yield an appropriately defined 
summability, under conditions familiar from the theory of Fourier’s series. For prob- 
lems of the other category the method proves inapplicable, and it seems probable 
that no expansion properties in the usual sense inhere in these cases. (Received July 
26, 1941.) 


392. J. D. Mancill: Multiple integral problems of the calculus of 
variations with prescribed transversality coefficients. 


Single integral problems of the calculus of variations with prescribed transversality 
conditions have recently been studied by the author (American Journal of Mathe- 
matics, vol. 41 (1939), pp. 330-334). In the present paper it is shown that the method 
used in that study applies with slight modification to multiple integral problems. The 
method applies with equal facility to parametric and non-parametric integrals of all 
orders of multiplicity but the case of double integrals is presented in this paper for 
the sake of simplicity of notation. The problem is stated in parametric form and neces- 
sary and sufficient conditions in order that a transversality relation belong to such a 
problem of the calculus of variations are derived. Finally the most general integrand 
function of such a problem to which a given transversality relation belongs is deter- 
mined. (Received June 18, 1941.) 
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393. Szolem Mandelbrojt: New proof of the conditions of quasi- 
analyticity. 


The author gives a very simple proof for the necessity of the well known conditions 
that a family of functions be quasi-analytic. (Received July 28, 1941.) 


394. Ralph Mansfield: Differential systems involving k-point bound- 
ary conditions. 


This paper is concerned with a k-point boundary value problem consisting of a 
system of ordinary linear differential equations and a set of boundary conditions in- 
volving linearly the values of the solutions at interior points as well as at the end 
points of the interval over which the system is defined. By means of a transformation 
this boundary problem is reduced to a two-point problem. By this device the funda- 
mental properties of the k-point problem and its adjoint system are readily deduced. 
The definitions of self-adjoint, definitely self-adjoint, self-conjugate adjoint, and defi- 
nitely self-conjugate adjoint systems are extended to the k-point boundary problem. 
In addition, necessary and sufficient conditions that such k-point problems arise from 
certain problems of the calculus of variations are determined. Applications of this 
method to the study of boundary problems in the complex domain lead to some of the 
results previously established by Langer. (Received June 3, 1941.) 


395. Herman Meyer: Polynomial approximations to functions de- 
fined on abstract spaces. 


The purpose of this paper is to extend the Weierstrass theorem on polynomial ap- 
proximations to continuous and differentiable functions to the case where the domain 
of the functions involved is a Banach space with a basis and the range is a general 
Banach space. For a continuous function the approximating sequence of polynomials 
(i.e., polynomials in the sense of Gateaux, Bulletin de la Société Mathématique de 
France, vol. 47 (1919), p. 73) converges on bounded closed sets, uniformly on compact 
subsets. For a differentiable function, after some further restrictions on the domain, 
the differentials of the polynomials also converge to the corresponding differentials 
of the function. Subject to still further restrictions on the domain, an explicit formula 
to determine the polynomials is presented. A double sequence of Banach valued poly- 
nomials defined over euclidean spaces is set up and a proper diagonal subsequence is 
selected. Well defined linear transformations of the domain onto certain spaces iso- 
morphic to euclidean spaces then produce the desired approximating sequence. (Re- 
ceived July 25, 1941.) 


396. M. G. Moore: On functions satisfying two functional equa- 
tions. 


Making a study quite similar to that of doubly periodic analytic functions, an ex- 
amination is made of the class of analytic functions which satisfy two equations of the 
type > peituf(x+ay) =0, where ¢, and a, are complex constants, or, more generally, 
which satisfy two differential equations of infinite order of certain character. In par- 
ticular, two equations cannot in general have a common non-trivial solution analytic 
throughout certain convex regions, although they do have solutions analytic through- 
out smaller regions. The complete analytic solution of a pair of equations is character- 
ized as is also that of three equations. (Received July 29, 1941.) 
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397. E. H. Nicholson: On the degree of approximation in some con- 
vergence theorems concerning derivatives of the mapping function in con- 
formal mapping. 


Suppose that the function w=f(z) maps the unit circle conformally on the interior 
of a closed Jordan curve C. It is known that, under suitable assumptions concerning 
C, the mapping function f(z) and its derivatives vary continuously in the closed unit 
circle under a continuous deformation of C. For certain problems it is desirable to 
know the degree of the variation of f(z) and its derivatives in this dependence. This 
means: if C,; and C2 are closed Jordan curves which “differ” by less than some positive 
e, and if f;(z) are the corresponding mapping functions (f,(0)=f2(0), fi (0) >0), 
#=1, 2, what can be asserted regarding an upper bound for | fi(z) —fr(z)|, lft (z) 
—fi(z)|,--- in terms of «? The problem concerning the degree of variation of the 
function f(z) itself has been investigated by L. Bieberbach, A. R. Marchenko, and 
A. Markouchevitch. The present paper deals with the corresponding problem for the 
derivatives of f(z). (Received July 30, 1941.) 


398. I. E. Perlin: A calculus of variations problem with end points 
as functions of the curve. Preliminary report. 


In this paper the author considers a calculus of variations problem with end con- 
ditions functions of the curve. By introducing new variables the author transforms 
this problem to a Lagrange problem with variable end points. Through the use of a 
generalized Lindeberg theorem sufficient conditions for the original problem can be 
shown to be deduced from sufficient conditions for the related Lagrange problem 
(Received July 30, 1941.) 


399. R. S. Phillips: On weakly compact subsets of a Banach space. 
Preliminary report. 


A subset G of a Banach space X is called &.-closed if for every subset [x]CG 
defined on a directed set of cardinal power less than or equal to &, there exists an 
such that lim <Z(xo) Slim sup,#(xz) for every the conjugate 
space. Ro-closed sets are the usual weakly conditionally compact sets, and some 
properties are presented. If the unit sphere of X is &.-closed, the unit sphere of X is 
also &.-closed. If in addition there exists a set of power &, total on X, then X is 
reflexive. This is equivalent to a recent result of Bourgin. A linear transformation on 
X to ¥ is called &.-closed if the image of the unit sphere in X is 8a-closed and there 
exists a set of power &, total on the closed linear extension of this image. The adjoint 
transformation of a &,-closed transformation is likewise &.-closed. All weakly com- 
pletely continuous transformations on L to X are separable valued. Finally, any com- 
pletely additive set function of strong bounded variation on a sigma field to an 
“almost” &o-closed subset of X is the indefinite integral of a Bochner integrable func- 
tion. (Received July 29, 1941.) 


400. Harry Pollard: Legendre polynomials and the Hausdorff mo- 
ment problem. 


Among the proofs given by Hausdorff of his élassical result on the representation 
of completely monotonic sequences there is one which makes use of the (C, 2) kernels 
for Legendre series. In the present paper the theorem in question is deduced from the 
fact that the Abel kernel for these series is also non-negative. In terms of the Legendre 


1941] ABSTRACTS OF PAPERS 701 


polynomials, a new criterion is then obtained for the representation of a sequence in 
the form, pn = {}t"¢(t)dt, with bounded. This yields a simple proof of Steinhaus’ 
result on the form of the general linear functional on the space L. (Received July 31, 
1941.) 


401. Arthur Rosenthal: On differentiation of integrals and approxi- 
mate continuity. 


According to Lebesgue the derivative of an integral is equal to the integrand al- 
most everywhere, and according to Denjoy the integrand (assumed as bounded) is 
furnished by differentiation certainly wherever it is approximately continuous. While 
in the generalization of Lebesgue’s theorem to more dimensions or to abstract spaces, 
the system of sets relative to which one differentiates must be rather special, the 
generalization of Denjoy’s theorem can be made by use of quite arbitrary indefinitely 
fine systems of sets. Under certain conditions the approximate continuity is shown to 
be necessary and sufficient for differentiation of the integral to furnish the integrand. 
(Received July 11, 1941.) 


402. Raphael Salem: On sets of multiplicity for trigonometrical series. 


Let P be a symmetrical perfect set constructed on (0, 2x) by consecutive trisec- 
tions, the central intervals being removed, and each of the 27~ trisections of the pth 
step being made proportionally to t, 1—2, & (O<t <4}; p=1, 2,---). Let 
5p (R=1, 2,-- +, 2?—1) be the intervals removed after the pth step and let 
F(x) be the singular monotonic function of the Cantor type constructed on P and 
such that F(x) =k/2? in 5px. Let c, be the Fourier-Stieltjes coefficient of dF in respect 
of e=, Let {az}, {bg} be two sequences such that 0<a,<b,<}, and consider all the 
sets P for which a,S& by. Following Steinhaus, the infinitely many dimensional 
domain a4, (k=1, 2,- - ) is mapped on the interval 0 <¢<1. Supposing that 
be —421/w(k), w(k) being increasing and such that log w(k)=0(k), the following 
theorems are proved: If lim inf (aa2, - - - , @p)/?=a>0, then for almost all ¢, (a) the 
sets P are sets of multiplicity, (b) }-|cn|*< © for s>so=so(a), (c) ca=o(n~*) for 
5 <80=40(a). The result (a) holds on the more general assumption lim inf p¥/2*(a,a2, 

, 4y)/?>0, B being any positive number. (Received July 8, 1941.) 


403. D. C. Spencer: A function-theoretic identity. 

Let n(r, a) be the number of roots of f=a in |2| <1. Suppose that g(R), defined 
for R=0, is absolutely continuous, and that G(R) =/g(R)d(inR). Then for any f regu- 
lar in| z| <1, we have r{d/dr} - |f’| 0) 
-g(0). Taking g(R) =1, AR*(A>0), and 1/(1+R?), we obtain respectively the identi- 
ties (heretofore considered distinct) of Jensen, Hardy-Stein, and Ahlfors-Shimizu (the 
latter expressing Nevanlinna’s characteristic function T(r) in terms of area on the 
Riemann sphere). Application is made of the Ahlfors-Shimizu formula to obtain a 
localization of the well known Nevanlinna theorem that, if T(r)=0(1), then f has 
non-tangential limits almost everywhere on z=1. (Received July 17, 1941.) 


404. Otto Sz4sz: Some new summability methods with applications. 


One associates with a series to function transform (method of convergence factors), 
or with a sequence to function transform certain triangular matrices, and considers 
the relations between the corresponding summability methods. Such methods permit 
interesting applications to Fourier series, in particular in connection with Poisson’s 
and Lebesgue’s methods of summability. (Received July 23, 1941.) 
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405. S. M. Ulam: On measures for subsets of sets of measure zero. 


Given a class K of sets Z of Lebesgue measure zero, one desires to introduce a 
(finitely additive) measure mz(X) for a class of subsets X of each Z with the following 
properties: mz(Z)=1; -mz(X). A con- 
struction of such a measure is possible for various classes K of sets Z, in particular for 
the class of all Borel sets Z of Lebesgue measure zero. This problem is related to the 
problem of relativization in the theory of probabilities. (Received July 30, 1941.) 


406. S. M. Ulam: Theory of the operation of products of sets. 1. Pre- 
liminary report. 


The product of two sets A and B is the set A XB consisting of all couples of ele- 
ments (a, 6), where a@EA, DEB; A?=A XA, A*=A XA*™. A systematic investiga- 
tion of the combinatorial and set-theoretical properties of this operation is undertaken. 
Systems of sets, closed under the boolean operations and the operation of product, are 
characterized abstractly. The Borel field over the class of all sets of the form X X Y, 
where XEA and YE€B is studied. The operation a of Suslin on sets of this class is 
also studied. Among other results the existence of sets of all Borel classes, of analytic 
sets, of non-analytic sets in the above sense, is established. Two subsets E and F of 
A” are called product-isomorphic if there exists a one-to-one transformation T of A 
into itself such that the transformation (a;,---, dn)—(T(a),---, T(an) ) of A* 
into itself carries the set E into F. The set-theoretical properties of this notion, of 
importance in applications to topological and algebraical problems, are investigated. 
A notion of “constructiveness” for abstract algebraical structures is introduced. (For 
the first report on this subject, see this Bulletin, abstract 44-3-132.) (Received July 
30, 1941.) 


407. Frantisek Wolf: On generalized boundary values and the unique- 
ness of corresponding Dirichlet problems. 


If u(z) is harmonic in a domain D, u?(f) is defined at a frontier point ¢ as a many- 
valued function which takes all the limiting values of u(zz) for all sequences 2, (CD 
and z%—¢. Similarly up(¢) takes only those limiting values of u(zz) for which all z 
lie in a sector of ¢. If a system of curves L({) is defined such that to every frontier 
point ¢ there is an L(¢) lying in the sector of ¢ with one endpoint at ¢, then uz(¢) takes 
all the limiting values of u(z) as z—¢ along L(g). If u?(¢) =0 at all frontier points, 
then u(z) is continuous in the closed D, and as it is harmonic u(z) =0. If D is the unit 
circle and up(¢) =0 at all frontier points and | u| Sexp {1/(1 —r)m} , m arbitrary, then 
u(z)=0. If D is the unit circle, L(¢) the radii, uz(¢)=0 at all frontier points, 
| x| <¢/(1—r)™, ¢ and m arbitrary, then u?(¢) =0 at all frontier points except for 
a reducible set of them. The function u(z) is harmonic in the whole plane with the 
exception of these points. These results hold for more general domains and more gen- 
eral L(¢) (F. Wolf, Acta Mathematica, vol. 74 (1941), pp. 65-100). (Received June 12, 
1941.) 


408. Frantisek Wolf: On the summability of trigonometrical integrals. 


For (C, k) sums of a trigonometrical integral C(x, w) = —A/w)*(cos dA (A) 
+sin x dB(A)) which are formally of Stieltjes type, but may be defined by one 
partial integration, the following results are valid: (A) If (i) Jy (cos Ax dA (Ad) 
+sin dx = F(x) converges uniformly, (ii) F(x) =(/*dx)*™f(x) for xC (a, 6), 
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(iii) (1—/w)*dA (a), (1—)/w)*dB(A) converge as w—~, then C;(x, w) equicon- 
verges with the (C, k) means of the Fourier series of f(x) in (a+e, b—e), «>0. At the 
same time the allied trigonometrical integral C(x, w) equiconverges with the trigo- 
nometrical series allied with the Fourier series of f(x) in the same interval. (B) If 
lim sup Ci(x, w) < © for w— ~~ in a set of positive measure, then C;(x, w) and Ci(x, w) 
are bounded for almost all x of E as functions of w and if furthermore (i) and (ii) are 
satisfied, then the result of the preceding theorem holds good. (C) If | Cu(x, w) | 
S¥(x) CL in (a, 5), then the result of the first theorem holds for any k>m. (D) If 
fl Cn(x, w)| 9dx <M, then the result of the first theorem holds for any k>m+1/p. 
(Received June 23, 1941.) 


409. J. W. T. Youngs: A generalized Lebesgue integral. 


S. Banach has extended the Lebesgue integral to all bounded functions defined 
on a finite interval (Théorie des Opérations Linéaires, Warsaw, 1932). The extended 
integral enjoys several of the standard properties of the Lebesgue integral, but proper- 
ties concerned with termwise integrability of a sequence are lacking. It is shown here 
that if convergence of a sequence of functions is understood to mean convergence in 
(a general) measure, then the Lemma of Fatou is true; that is, the extended integral 
is a lower semi-continuous functional on non-negative functions. This fact is used to 
extend further the integral to unbounded functions. All the properties mentioned 
above together with the usual theorems on termwise integrability of a sequence hold. 
Several applications are made. (Received July 24, 1941.) 


APPLIED MATHEMATICS 


410. E. L. Buell: On the distribution of plane stress in a semi-infinite 
plate with partially stiffened edge. Preliminary report. 


The concentration of stress at the straight edge of a thin semi-infinite plate near 
the point of application of a concentrated shear load acting in the plane of the plate is 
reduced if the load is applied, not directly to the plate, but to an elastic stiffening rod 
attached along its edge. When this rod does not extend along the entire edge the 
boundary value problem of bi-potential theory for the Airy stress function has non- 
uniform boundary conditions. To solve this problem a conformal mapping of the slit 
full plane into the interior of the unit circle is employed. A solution of the resulting 
transformed boundary value problem is obtained in the form of a Fourier series, the 
coefficients of which satisfy an infinite system of linear equations in an infinite number 
of unknowns. This system has been solved approximately for the case of a stiffening 
rod extending to infinity in one direction from the loading point, care being taken to 
improve the convergence by first separating out the discontinuous parts of the solu- 
tion. The resultant expressions for those stresses which are of interest have been de- 
rived and evaluated numerically. (Received July 28, 1941.) 


411. A. S. Householder: A theory of steady-state activity in nerve- 
fiber networks. 1V: n circuits with a common synapse. 


Let A; be the product of the activity parameters for the ith circuit (for terminol- 
ogy see Bulletin of Mathematical Biophysics, vol. 3 (1941), pp. 63-69, 105-112). Then 
an arbitrary stimulus pattern (SP) determines uniquely an activity pattern (AP) if 
and only if every Ai, as well as the sum of any number of distinct Aj, is less than 
unity. In case this condition fails only for the sum of all the A;, then the possible 
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AP’s can be classified as “even,” if it is even with respect to each circuit (see above 
reference), “odd,” if it is odd with respect to each circuit, otherwise “mixed.” Then, 
as for the simple circuit, given any even AP and any odd AP, there exists an SP con- 
sistent with both, but no other pairing of distinct mutually consistent A P’s is possible. 
(Received July 25, 1941.) 


412. Wilfred Kaplan: Topology of the two-body problem. 


The differential equations of the two-body problem, when written as four first 
order equations, represent a flow in 4-space. If the energy constant (assumed nega- 
tive) is fixed, the trajectories are restricted to a three-dimensional manifold E. The 
paper analyzes the topological structure of E and of the family of trajectories in E. It 
is found in particular that E is homeomorphic with 3-space minus a line and that the 
family of trajectories is built up of families on tori. (Received July 21, 1941.) 


413. A. N. Lowan, Norman Davids, and Arthur Levinson: Tables 
for Gauss’ mechanical quadrature formule. 


The Mathematical Tables Project described in the May 1941 issue of the Bulletin 
has prepared a 15 place table of the zeros of the first sixteen Legendre polynomials to- 
gether with the corresponding weight coefficients in Gauss’ mechanical quadrature 
formula. The computation was carried out by a self-checking iterated process of 
synthetic division, and further checked by employing various properties of the zeros 
and the weight coefficients. The present table constitutes a considerable extension of 
that of Gauss. Several errors were found in the latter. (Received July 3, 1941.) 


414. Isaac Opatowski: On the theory of lethal irradiation of micro- 
érganisms. I. 


The theory of irradiation of a homogeneous aggregate of microérganisms is based 
on the hypothesis that an organism must absorb a certain number +1 of lethal 
quanta in order to be killed. If N;(#) is the number of organisms which have absorbed 
exactly quanta during a time ¢ (:=0, 1,--- , n+1), then: 
where ko=kn42=0 and all other &; are positive constants dependent on the vulner- 
ability which an organism has after an absorption of exactly i quanta. The ini- 
tial conditions are: No(0)=a known constant =N, N;,(0)=0 for 121. An applica- 
tion of the Laplace transformation gives the number of killed organisms N,4:(é) 
as the repeated Faltung (G. Doetsch, Laplace-Transformation, pp. 157-158): 
Nkyko - exp (—kil)* exp (—hot)* -- - * exp (—Rnyil), which is a symmetric 
function of {k;}. This symmetry has an important consequence: the counting of 
killed organisms alone (which is the usual experimental method for the determination 
of the constants &;) cannot yield any information as to the variation of the vulnerabil- 
ity of the organism due to the absorption of lethal quanta. (Received July 25, 1941.) 


415. Eric Reissner: On the equations of the stability theory of thin 
shells. 


Given an equilibrium state of stress in a thin shell such that the stress resultants 
M and N and the shape r of the deformed middle surface are known. The stability of 
this state against small disturbances depends on whether or not the linearized homo- 
geneous equations of equilibrium for a shell with stress resultants M+éM and 
N+6N and a shape r+ér admit solutions such that M+5M, N+6N and r+ér 
satisfy the same boundary conditions as those prescribed for M, N and r. The prob- 
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lem is thereby reduced to one of the determination of branch points of a system of 
nonlinear equations by means of a characteristic value problem for a system of 
linearized equations. The relations between 5M, 6N and r are, for an elastic shell, 
those following from Hooke’s law and from Navier’s hypothesis. The complete sys- 
tem of scalar equations of this problem is obtained by a method analogous to that 
employed by the author in his simplified derivation of the equations for small dis- 
placements of thin shells (American Journal of Mathematics, vol. 63 (1941), pp. 177- 
184). (Received July 28, 1941.) 


416. Alexander Weinstein: On the buckling of a rectangular clamped 
plate compressed in one direction. 


This problem can be solved by an extension of a general method of reduction of 
eigenvalue problems (A. Weinstein, Mémorial des Sciences Mathématiques, vol. 88 
(1937) ). It can be linked to the corresponding problem for a supported plate by a 
sequence of intermediate differential problems of the fourth order which give lower 
bounds for the eigenvalues. It follows from this method that the lowest eigenvalue for 
a square plate of area x? is >10.0 while an upper bound 10.4 has been computed by 
J. L. Maulbetsch (Journal of Applied Mechanics, vol. 49 (1937)) who used the 
Rayleigh-Ritz method. The present method which gives definitely lower bounds for 
all eigenvalues differs essentially from previous formal procedures which could not 
establish such results. (Received July 18, 1941.) 


GEOMETRY 


417. E. F. Allen: On a triangle inscribed in a rectangular hyperbola. 


In the study of inversive geometry the following formulas: 22=a?, a’2+h2 
+h), are respectively the self-conjugate equation 
of a circle, the equation of a line through two points on the circle, the equation of the 
tangent line, and the equation of the polar line of the point p with respect to the circle, 
where 2=x+1y, 2=x—ziy, and 7 is defined by the equation 7?= —1. If a point in the 
xy-plane is designated by z=x+ry, 2=x—ry, and r is defined by the equation r?= +1, 
the base z2=a? is the rectangular hyperbola x?—y?=a?. It is proved that the above 
formulas hold. They still hold if 7 is defined by r?= —& or r?= +k, where is a real 
number. For any triangle inscribed in a rectangular hyperbola there exists a nine- 
point hyperbola having many of the characteristics of the nine-point circle of a tri- 
angle. An anti-orthocentric group of triangles is defined and it is proved that the four 
triangles of the group have a common nine-point hyperbola. (Received July 17, 1941.) 


418. E. F. Beckenbach: On the analytic prolongation of a minimal 
surface. 

In extension of a known result concerning the interior behavior of minimal sur- 
faces, it is shown that if a minimal surface is bounded in part by a plane curve and if 
the surface approaches the plane orthogonally, then the surface can be extended 
analytically across the plane and the plane is a plane of symmetry for the extended 
minimal surface. (Received August 2, 1941.) 


419. Nathaniel Coburn: Semi-analytic unitary subspaces of unitary 


spaces. 


Suppose a Hermitian space X,, of m-dimensions is imbedded in an n-dimensional 
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unitary space K,. By use of composite invariants of Kn, a theory of X» in Kn is con- 
structed which is a generalization of the known theory for K,, in K, (analytic unitary 
subspaces in K,). This X,, is invariant under the semi-analytic group of subspace 
coordinate transformations. By definition the X,, becomes an S,, (semi-analytic uni- 
tary subspace) when a set of preferred coordinate systems exist, related by a group 
of coordinate transformations (the group of S,,), for which certain components of the 
connection of X,, vanish. It is shown that the analytic group is a subgroup of the 
group of S,, which in turn is a subgroup of the semi-analytic group of X,,. The metric 
tensor of S,, is discussed and it is shown that if a coordinate system exists in S,, for 
which the ranks of certain matrices formed from the metric tensor of S,, are m, then 
Sm is a unitary euclidean space. This surprising result means that the conditions that 
an Hermitian X,, be an S,, are very restrictive. (Received June 2, 1941.) 


420. J. J. DeCicco: Geometric characterization of functions of n com- 
plex variables. 


In this paper Kasner’s geometric characterization of the infinite group, consisting 
of two functions of two complex variables (Transactions of this Society, vol. 48 
(1940), pp. 50-62), is generalized from four to 2n-dimensional space S2,. The infinite 
group of all correspondences in Sz, consisting of m functions of m complex variables 
has been termed the pseudo-conformal group G by Kasner. In the present paper it is 
proved that under G an r dimensional hypersurface and a (2m —r) dimensional hyper- 
surface possess at their point of intersection r (if rm) independent invariants. For 
any fixed value of 7 this characterizes G. Perhaps the simplest characterization (ob- 
tained as a corollary of the preceding by setting r=1) is that the pseudo-conformal 
group G of S:, is defined by the preservation of the pseudo-angle between any curve 
C and any (2n—1)-dimensional hypersurface H at their common point of intersec- 
tion. For »=2, this theorem becomes Kasner’s characterization of the pseudo-con- 
formal group in four dimensions. (Received July 21, 1941.) 


421. J. H. Giese: Conformally flat hypersurfaces of spaces of constant 
curvature. 


In this paper conformally flat n-dimensional (n=4) riemannian spaces that can 
be imbedded isometrically locally in (n+1)-dimensional spaces of constant curvature 
are characterized by means of the characteristic roots and elementary divisors of the 
characteristic matrices of the metric and Ricci or second fundamental tensors. These 
spaces are intrinsically rigid in the enveloping space. Either all principal normal 
curvatures are equal, which for simple elementary divisors yields spaces of constant 
curvature, or else there is an (nm —1)-fold principal normal curvature and a simple one. 
In the latter case there exists a preferred congruence of lines of curvature. This con- 
gruence is normal. The corresponding orthogonal (m—1)-dimensional hypersurfaces 
are of constant curvature and are mapped conformally upon one another by the 
preferred lines of curvature. The existence of such spaces is shown by constructing all 
suitable metric tensors g;;=e;e?”6;;, each e; being +1 or —1. These metrics are di- 
vided into n+1 inequivalent classes, n of which are proved non-null by Liouville’s 
theorem on conformal mapping and by the groups of motions admitted by these g;;’s. 
(Received July 17, 1941.) 


422. F. E. Hohn: On Cartan’s projective involutes. 


In his Legons sur la Théorie des Espaces é Connexion Projective, Cartan defines a 
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projective involute of the curve (C), A(¢), to be a curve P(2) such that for each ¢ the 
tangent at P passes through A, and such that P lies on the osculating conic of (C) at 
A. If this last restriction be removed, the projective involutes of (C) are given by 
P=(1+0’)A +0A’+6?A"’, where @ is an arbitrary function of ¢t. Some of the systems 
obtained by putting conditions on 6’ are studied, as is also the system of curves 
P=A+h(c—t)A’+k(c—t)?A’’. Various general cross-ratio properties are estab- 
lished, and Cartan’s systems of involutes are developed as special cases. (Received 
July 28, 1941.)’ 


423. T. R. Hollcroft: Types of distinct double points of primals. 


There are r types of distinct simple double points of a primal f in S,. A double point 
of type k, 1 <k <r, of f at a point P has a quadric tangent cone of species k whose ver- 
tex is an S;_; tangent to f at P. For k=1, the double point is a node. For 1<k<r—2, 
the cone is not composite. For k=r—1, the cone consists of two primes and the point 
is a binode. When k =r, the two primes coincide and the point is a unode. The number 
and forms of the characteristic conditions for each type of double point are obtained. 
Equations of primals of order m having any of the above types of double point are 
written. In particular, the following equation to r—k+1 + [> j=r—k+2 
to ravi =0, wherein ¢ and y are non-singular primals of orders 3a and 2a respec- 
tively, defines a system of primals of order 6a which has as basis points 24—13"-*tig7 
double points of type k, 1 Sk Sr. (Received July 17, 1941.) 


424. Edward Kasner and J. J. DeCicco: Pseudo-conformal geome- 
try: functions of two complex variables. 


Kasner has termed the infinite group G of all correspondences in four-dimensional 
space S,, consisting of pairs of functions of two complex variables, the pseudo-con- 
formal group G. He has proved that G is characterized by the preservation of the 
pseudo-angle between any curve C and any hypersurface H at their point of inter- 
section (Transactions of this Society, vol. 48 (1940), pp. 50-62). In the present paper 
are found all the invariants of first order between the curves, surfaces, and hyper- 
surfaces at a fixed point under G. A general pair of curve (hypersurface) elements 
possesses no invariants, whereas an isoclinal pair has a unique invariant. To any gen- 
eral surface element S there is associated a regulus R of curve elements. There are no 
invariants between a surface S and a curve element E (hypersurface element 7) which 
is not on (not tangent to) the regulus R of S. On the other hand, if E(x) is in R (tangent 
to R), then there is a unique invariant between E (x) and S. Finally two general sur- 
face elements possess two independent invariants. (Received July 21, 1941.) 


425. Marston Morse and G. A. Hedlund: Manifolds without con- 
jugate points. 

A directed geodesic g on a two-dimensional Riemannian manifold M is transitive 
if the elements (an element is a point and a direction at the point) on g are everywhere 
dense in the totality of elements on M. The existence of transitive geodesics has been 
proved under certain instability conditions by each of the authors. The hypotheses of 
all previous proofs have implied that no geodesic have on it two mutually conjugate 
points. The present paper proves that for a large class of two-dimensional manifolds 
the hypothesis that no geodesic have on it two mutually conjugate points is sufficient 
to imply the existence of transitive geodesics. This class includes, in particular, all 
closed, orientable, class C*, two-dimensional Riemannian manifolds of genus greater 
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than one. The implications of the non-existence of conjugate points are also investi- 
gated in the case of surfaces of the topological type of the torus. It is found that to a 
large extent the geodesics have the properties of those on a manifold for which the 
Gaussian curvature vanishes identically. If an added hypothesis concerning the non- 
existence of focal points is invoked, it can be shown that the curvature does vanish 
identically. (Received June 7, 1941.) 


426. Abraham Schwartz: A consequence of the Ricci equations for 
Riemannian manifolds. 


The paper considers the normal spaces at a point of a riemannian manifold of m 
dimensions which is imbedded in a manifold of constant curvature of m dimensions, 
Vin S,. With each normal space, x=1, - - - , k, there is associated a curvature tensor 
H(x) in a well known way, each tensor H(x) being related to the preceding one, 
H(x—1), by a Ricci equation. From these Ricci relationships information concerning 
the dimensionalities of the various normal spaces can be deduced. For instance, if the 
first normal space is one-dimensional, then the second normal space is zero or one- 
dimensional according as the rank of the second fundamental form is =2 or <2; if 
the first normal space is two-dimensional, then the second normal space is zero-, one-, 
or two-dimensional depending on the nature of the elementary divisors of the two 
second fundamental forms. Analogous theorems are true for the other normal spaces. 
(Received July 24, 1941.) 


427. S. M. Ulam and D. H. Hyers: On approximate isometries. Pre- 
liminary report. 

Let E and F be metric spaces and let ¢ be a positive number. The question studied 
is the following. If T(x) is a continuous transformation of E into F such 
that | p(T (x), T(y)) —e(x, y)| Se for all x and y, then does there exist an isometric 
transformation S(x) of E into F such that for all, x, p(S(x), T(x)) Ske, where k is a 
positive constant, depending only on the spaces E and F? The question is answered 
in the affirmative for the cases in which E and F are Hilbert spaces or finitely dimen- 
sional euclidean spaces. (Received July 30, 1941.) 


LoGic AND FOUNDATIONS 
428. Garrett Birkhoff: Metric foundations of geometry. 


New derivations of fundamental theorems of euclidean, hyperbolic and spherical 
geometry, with particular reference to the lattice of subspaces, are given. The postu- 
lates are: (1) metric postulates of Fréchet, (2) straight line postulates of Menger, ina 
weakened form valid in any riemannian geometry, (3) the postulate of Pasch. Thus 
the local compactness postulate of Busemann’s system is dispensed with, and his 
straight line postulates are weakened; on the other hand, the postulate of Pasch is 
not restricted to 3 points. The proofs are elementary throughout. (Received July 7, 
1941.) 


429. Henry Blumberg: A reconsideration of the paradoxes in the the- 
ory of sets. 


Proceeding from an intuitive bias that it should be possible to eliminate the para- 
doxes in question along the line of natural human understanding, without reforming 
our familiar logic or invoking ingenious technical or professional stratagems, the 
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author, upon carefully re-examining these paradoxes, has reached the following con- 
clusions: (a) None of them arises if the would-be paradox maker is estopped from 
employing reasoning that may in fairness be rejected by people of sound understand- 
ing. (b) A conception of set may be delineated which accords with natural expecta- 
tions and by means of which we may build a reliable theory of sets comprehending 
virtually all the results that have been subjected to attack. The relation is indicated 
which this conception bears to the basic conceptions, in the matter at issue, of the 
intuitionists (Brouwer and his school), the formalists (Hilbert and his school), the 
logicians (Russell and others), and the postulationists (Zermelo, Fraenkel). (Received 
July 29, 1941.) 


430. A. R. Schweitzer: Concerning general abstract relational spaces. 
Ill. 


On the basis of the general abstract relational space Si4:(G, H) (n=1, 2, 3,---), 
G=H=symmetric group on +1 variables and certain axioms elaborating this space, 
the author constructs axioms for the (finite) algebra of logic analogous to his system 
»+1K,41 for the foundations of geometry. For =3 the elements of S, are a, 8, 7, 5, i, 
v, With afyé K, that is, aByé K afByé. Axioms elaborating S, are the following: 
1. aBy5 K. 2. K and K or atyé K or K or aByt K. 3. 
K and Awww K and £, 7_adén not K, Buén not K, yvén not K, dwén not K. The com- 
plete set of 24 K tetrads is expressed as a reflexive formal sum }_ (J) and classified 
into subsums: > ,(£) is the sum of all K tetrads containing £,and soon. If éntr K , then 
> (éntr) =Entr. The existence of a unique “empty” sum (eA) =>. (Bx) 
=)_ (vv) =>_ (éw) is assumed. The summands of the various ),’s are replaced by their 
corresponding expressions in terms of >» and the ),’s are then represented as products 
> (én) (4) XD and so on. The preceding continues a paper reported in this 
Bulletin (abstract 46-9-438). (Received July 22, 1941.) 


STATISTICS AND PROBABILITY 


431. K. J. Arnold: On spherical probability distributions. 


Two methods of correspondence for circular distributions to the normal error 
function have led to non-constant absolutely continuous functions (see F. Zernike, 
Handbuch der Physik, vol. 3, pp. 477-478). The corresponding distributions for the 
sphere are found. The case of diametrical symmetry for both circle and sphere is dis- 
cussed. Tables of the probability integrals involved are given and an application in 
geology is included. (Received July 31, 1941.) 


432. I. W. Burr: Cumulative frequency functions. 


Frequency and probability functions play a fundamental role in statistical theory 
and practice. They are, however, often inconvenient and difficult to use, since it is 
necessary to integrate or sum to find the probability for a given range. Theoretically 
the cumulative or integral frequency function would seem to be better adapted to 
determining such probabilities, since the latter can be found simply by a subtraction. 
The aim of this paper is to make a contribution toward the direct use of cumulative 
frequency functions. Some general properties and theory of cumulative functions are 
presented with particular emphasis upon certain moment functions adapted to such 
direct use. Both continuous and discrete cases are included. A list of possible cumula- 
tive functions is given and a particular one, F(x) =1—(1+2*)~*", discussed fully. 
This function has properties which make it practicable and adaptable to a wide variety 
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of distribution types. It well illustrates the possibilities of the cumulative approach. 
(Received July 8, 1941.) 


433. J. B. Coleman: A geometric derivation of Fisher's z-transforma- 
tion. 


In fitting points in a plane by a line so that the sum of the squares of the per- 
pendicular deviations shall be a minimum, a second line is found for which the sum 
of the squares of the deviations is a maximum. Let }-d? be the sum of the squares of 
the deviations of the points from the minimum line, and )_ D? be the sum of the squares 
from the maximum line. Then +r)/(1 —r)], and 3 log (1+7)/(1—r) is 
Fisher’s z-transformation for testing the ccefficient of correlation. (Received July 21, 
1941.) 


434. J. H. Curtiss: On the distribution of the quotient of two chance 
variables. 


The purpose of this paper is to give an accurate general treatment of the distribu- 
tions of the quotient and product of two chance variables, with attention first to 
questions of existence, and then to the derivation of a number of formulas for the fre- 
quency functions and distribution functions. The principal formulas derived are (i) 
a formula for the frequency function of the quotient of two variables with an abso- 
lutely continuous joint probability function, (ii) a formula for the distribution func- 
tion of the quotient of a pair of arbitrary independent variables expressed in terms 
of the distribution functions of these variables, (iii) a formula similar to (ii), but ex- 
pressed in terms of the characteristic functions of the variables. Variable distribu- 
tions are also considered, and a theorem for quotients analogous to the central limit 
theorem is derived. (Received July 8, 1941.) 


435. W. K. Feller: On the integral equation of the renewal theory. 


As is well known, the equation U(t)=G(t)+/(U(t—x)dF(x) has frequently been 
discussed under different forms in connection with the population theory, the theory 
of industrial replacement, and so on. In the present paper it is shown that, using 
Tauberian theorems for Laplace integrals, it becomes possible to analyze in detail the 
asymptotic behavior of U(t) as t~, and also to solve some other problems which 
have been discussed in the literature. Strict conditions for the validity of different 
methods to treat the equation are given together with some modifications found to be 
necessary. The paper will appear in the Annals of Mathematical Statistics. (Received 
July 30, 1941.) 


436. A. M. Mood: On the asymptotic distribution of medians of sam- 
ples from a multivariate population. 


Let two variates x; and x2 have a density function f(x, x2) which, besides being 
positive or zero and having its integral over the whole space equal to one, shall 
satisfy these conditions: f~_f(x:, 0)dxi+O(1/n), x2)dx2 
=f" f(@, x2)dx2+O(1/n). The coordinate system is assumed to have been chosen so 
that the population median is at the origin. Let (%,, #2) be the median of a sample of 
2n+1 elements drawn from a population with this density function. It is shown that 
for large samples (i, #2) isnormally distributed to within terms of order n—/? with zero 
means and variances and covariances given by certain integrals of f(x, x2). A similar 
result is true for k as well as two variates. (Received August 2, 1941.) 
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TOPOLOGY 
437. D. G. Bourgin: Linear topological spaces. 


Most of the results concern convex sets. Some theorems on regularly convex sets 
and weak closures in vector normed spaces are extended to linear topological spaces 
(1.t.s.) though in some cases a restriction of local convexity of the l.t.s. is required. 
Asa consequence of these results it is shown that a necessary condition for the metriza- 
bility of the conjugate space of the locally convex L-t.s. L is that there exist a de- 
numberable basis of bounded sets such that any bounded set in L is contained in a 
set of the basis. The sufficiency of this condition is already known and the local con- 
vexity requirement may be waived here. (Received July 31, 1941.) 


438. S. S. Cairns: The space of a variable geodesic complex on a 
sphere. 


A simplicial 2-complex on a sphere, S, will be called geodesic if its 2-cells are 
spherical triangles each of area less than a hemisphere. Consider a geodesic complex 
7 which covers S. Let T(r) be the space each of whose points is a geodesic triangula- 
tion of S isomorphic with 7, orientation being preserved, where continuity is defined 
in terms of the positions of vertices. Theorem. The space T(r) is the topological product 
of projective 3-space and a (2n—3)-cell, where n is the number of vertices of +. The 
connectedness of T(r) imples that, by continuous motions of the vertices and of the 
geodesic cells which they determine, it is possible to carry 7 into an arbitrary iso- 
morphic similarly oriented geodesic complex on S, no 2-cell becoming degenerate dur- 
ing the motion. Let T(r) be the space defined precisely as above, but with the 
stipulation that the vertices of some particular 2-cell be self-corresponding under each 
isomorphism and remain fixed during each motion. Then To(r) ts a (2n—6)-cell. 
There are ready extensions of these results to geodesic complexes which do not en- 
tirely cover S and also to rectilinear complexes on a plane. (Received July 30, 1941.) 


439. S. S. Cairns: Topological mapping of a Brouwer 4-manifold on 
an analytic Riemannian 4-manifold. 


A Brouwer n-manifold is a simplicial complex on which the star of each vertex 
covers an n-cell and admits a piecewise linear homeomorphic mapping into euclidean 
n-space. The words “piecewise linear” mean linear on each simplex of the star. 
Theorem. Every Brouwer 4-mantfold can be homeomorphically mapped onto an analytic 
Riemannian manifold. This supplements the results of an earlier paper by the writer 
(Annals of Mathematics, (2), vol. 41 (1940), p. 796). The deformation problem 
stated in that paper (p. 808) is involved in the proof of the present theorem. It has 
now been solved, and the solution is included in an article, not yet published, dealing 
with variable geodesic complexes on a sphere (abstract 47-9-438). (Received July 30. 
1941.) 


440. Max Dehn: On the mapping of closed surfaces. 


A system of curves on a closed surface of genus p>1 is, apart from deformations, 
characterized by a matrix of integers with 3p —3 rows and two columns. The mappings 
of the surface (conserving the indicatrix), apart from deformations, constitute a group 
I, which can be generated by screwings parallel to p(3p—1)/2 curves. The elements of 
IT, may be regarded as transformations of the characterizing matrices. If these 
matrices are considered modulo 2, then I, degenerates into a finite factor group which 
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is for p=2 the symmetric group of six elements. In consequence of this, an odd number 
of screwings parallel to non-dissecting curves never yields a deformation. This result 
and the analogous results for p>2 still to be proved, have consequences for the 
determination of the group I'p/kp, the factor group of the commutator group of I, 
which is always a finite cyclic group. For instance it follows that T'2/k: is the cyclic 
group of order ten or of order two. (Received July 26, 1941.) 


441. F. A. Ficken: Closure-mappings of partially ordered sets. Pre- 
liminary report. 

Closure-mappings of a partially ordered set P onto subsets f(P) are those single- 
valued mappings x—f(x) with the properties, whenever xand yare in P, that: x Sf(x), 
S(f(x)) =f(x), and x<y implies f(x) <f(y). Whena set S has a least member y=<x for 
each x in P, then and only then is f(x) = y a closure-mapping for which f(P) = S. Thus 
the mapping f and the set f(P) determine each other uniquely, and f(P) either has a 
least element or has no lower bound. Also associated uniquely with f by means of the 
equivalence relation a~b, meaning f(a) =f(b), is a partition of P into sets of a very 
specific kind: As f varies, the solutions of f(x) =a and of f(a) =y are found to run over 
convex sets. Subsets S such that f(S)CS are discussed. (Received July 30, 1941.) 


442. R.H. Fox: Homotopy type and deformation retraction. 


If f(X)CY and g(Y)CX and the map gf is homotopic to the identity, then g is 
called a left inverse of f and f a right inverse of g. Spaces X and Y belong to the same 
homotopy type if and only if there is a map ¢(X)C_Y which has botha right and a 
left inverse. The mapping cylinder Cs ()X+¢(X)) is obtained from XX [0, 1] by 
identifying (x, 1) and (x’, 1) whenever ¢(x) =¢(x’). It is proved that X is a retract of 
Y+C, if and only if ¢ has a right inverse, and that Y+C¢ can be deformed into X if 
and only if ¢ has a left inverse. These theorems constitute an analysis of a theorem 
proved by J. H. C. Whitehead (Proceedings of the London Mathematical Society, 
vol. 45 (1939), p. 278). These theorems are generalized and applied to Hopf-Pann- 
witz deformationsand yield a new characterization of ciosure of a homogeneous n-di- 
mensional polyhedron (Alexandroff and Hopf, Topologie, Berlin, 1935, chap. 13, § 4). 
(Received July 28, 1941.) 


443. Orrin Frink: Topology in lattices. 


Different non-sequential topologies which are definable in terms of the order rela- 
tion in a lattice are studied and compared. These include the Moore-Smith order 
convergence of directed sets introduced by Garrett Birkhoff, and the interval 
topology which results on taking the closed intervals of the lattice as a subbasis for 
the closed sets of the space. It is shown that a complete lattice is bicompact in its 
interval topology, but not necessarily in its Moore-Smith topology. Applications are 
made to lattices which are direct products of chains, to function spaces, and to 
Boolean algebras. Modifications called the neighborhood topology and the con- 
vergence topology are defined for the lattice of all closed sets of a topological space. 
A topology is introduced for the space whose elements are all continuous transforma- 
tions of a topological space. (Received June 27, 1941.) 


444. OQ. G. Harrold: A mapping characterization of Peano spaces. 


Nobeling (Reguldre Kurven als Bilder der Kreislinie, Fundamenta Mathematicae, 
vol. 20 (1933), pp. 30-46) has established the existence of a continuous mapping of the 
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circle onto a regular continuum X such that for each point x©X whose order o(x) 
is finite, m(x) So0(x) holds, where m(x) is the number of times x is covered. The exist- 
ence of strongly irreducible maps of an interval or circle onto any Peano space con- 
taining no free arc has been proved by the author (Duke Mathematical Journal, vol. 
6 (1940), pp. 750-752). It is shown in the present paper that if X isa Peano continuum, 
there is a continuous mapping of the circle onto X such that for any point y in the 
interior of a free arc, m(y) $2. Together with previous results this gives: There is a 
continuous mapping of the circle onto X such that for any point y of a certain dense 
subset Y of X, m(y) <2. Thus a mapping of minimal character is established. The 
mapping need not be strongly irreducible or even reducible. (Received July 28, 1941.) 


445. E. A. Knobelauch: Extension of homeomorphisms on the torus 
and projective plane. 


H. M. Gehman (Transactions of this Society, vol. 28, p. 252) showed that a homeo- 
morphism between two Peanian continua lying in planes could be extended to the 
planes if the homeomorphism preserved sides of arcs. V. Adkisson and S. MacLane 
(Duke Mathematical Journal, vol. 6, p. 216) showed that a homeomorphism between 
two Peanian continua lying in spheres could be extended to the spheres if the homeo- 
morphism preserved the relative sense of every pair of triods. In this paper a definition 
of arc crossings is introduced and it is shown that preservation of arc crossings is 
equivalent to the preservation of relative sense of triods (on a sphere). Further, let K; 
(t=1, 2) be a Peanian continuum on a projective plane P; (or torus T;). Let ¢ be a 
homeomorphism of K, on K2. It is shown that if ¢ preserves arc crossings and bound- 
ing simple closed curves that ¢ can be extended to a homeomorphism @ of P; on P2 
(or of 7; on 72), provided that if Ki contains no non-bounding simple closed curve 
and x© Ki—(C,(C, a bounding simple closed curve of P; (or of T1)) then ¢(x) belongs 
to a 2-cell on P2 (or T:) bounded by ¢(C,) if and only if x belongs to a 2-cell on P; 
(or T;) bounded by C;. (Received June 7, 1941.) 


446. Horace Komm: Partial orders in euclidean spaces. 


This paper investigates certain questions raised by the definition of the dimension 
of a partial order (Dushnik and Miller, American Journal of Mathematics, vol. 63 
(1941), p. 601). Two partial orders P, and P{ are defined on E, as follows: (1) If a 
and bare points of E,, then a<b in P, if and only if every coordinate of a is less than 
the corresponding coordinate of b. (2) a<b in P, if and only if every coordinate of a 
is less than or equal to the corresponding coordinate of b, and at least one coordinate 
of a is less than the corresponding coordinate of b. It is shown that dimension P, =di- 
mension P, =n, for every finite n. The \-dimension of a partial order P is defined 
just as the dimension of P except that each linear extension is required to be similar 
to a subset of the linear continuum. A necessary and sufficient condition that P have 
\-dimension is obtained. It is shown that P,, and have \-dimension for every finite 
n, and that A-dimension P,,=c, while \-dimension P{ =o, for every n. (Received 
July 29, 1941.) 


447. J. P. LaSalle: A characterization of topological spaces. 


A characterization of topological spaces can be given in terms of a non-negative 
real-valued function defined for each element of a space and each element of a partially 
ordered set. The partially ordered set contains subsets which are directed systems 
(strongly partially ordered sets) with properties in relation to the real-valued func- 
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tion. This “pseudo-norm” is a generalization of Hyers’ pseudo-norm. (Duke Mathe- 
matical Journal, vol. 5 (1939), pp. 628-634.) In some cases the “pseudo-norm” may 
seem to be trivial in that it can be merely another notation for set inclusion, though 
the value of this characterization lies in the fact that it takes as the basic concept 
in topology the extension of a notion which is a familiar one, namely, that of a norm. 
The author has found this postulation basis convenient for some purposes, and certain 
topological properties imply interesting conditions on the “pseudo-norm.” The con- 
verse of the latter statement is also true. The neighborhood system generated by the 
“pseudo-norm” is not necessarily a complete neighborhood system, but there exists 
always a complete neighborhood system to which it is equivalent. (Received June 18, 
1941.) 


448. R. G. Lubben: Decompositions of point sets and of portions of 
Spaces. 


A T-normal point set is a closed set of T which can be separated by mutually exclu- 
sive open sets from any closed set of T not intersecting it. (1) The Hausdorff decom- 
positions of the perfectly compact space H of Fréchet, T, are characterized by the 
property of being upper semi-continuous and of having T-normal elements. (2) Let 
T be the space of the atomic ideal points of the completely regular Hausdorff space S. 
(For definitions see Transactions of this Society, vol. 49 (1941), pp. 410-466.) (a) An 
amalgamation point of S is regular if and only if it can be decomposed into a T-normal 
point set. (b) A decomposition of the maximal S-portion into ideal points is an 
element of 5(S) if and only if its elements are decomposable into subsets of T whose 
totality form a Hausdorff decomposition of T; w(S) gives the finest of these decom- 
positions. (c) An example answers in the negative the question of the author concern- 
ing the identity of the atomic regular and the atomic mapping points, as well as 
Alexandroff’s special case concerning his regular and completely regular ends (Mate- 
maticheskii Sbornik, vol. 5 (47) (1939), pp. 403-423). (Received July 30, 1941.) 


449. A. W. Tucker: A boundary-value theorem for harmonic tensors. 


In a 3-dimensional euclidean region, bounded by regular surfaces and R,+1-ply 
connected, a harmonic vector »v (i.e.,a vector field v such that curl v=div v=0) is 
uniquely determined when one assigns (1) the normal component of v on the boundary 
and (2) the periods of the line-integral of v along R; independent 1-cycles (i.e. cir- 
cuits). This is a vector formulation of a proposition of Lord Kelvin on cyclic irrota- 
tional motion of an incompressible fluid. It has the following tensor generalization. In 
an n-dimensional orientable (positive-definite) Riemannian manifold, with regular 
boundary and p-dimensional Betti number R,, a harmonic alternating p-tensor A is 
uniquely determined when one assigns (1) the boundary value of the dual m — p-tensor 
of A and (2) the periods of the p-fold integral of A over Rp independent p-cycles. If 
the periods are all zero, A is the alternating derivative of a “p—1-tensor potential” 
which furnishes a solution to an analogue of the classical problem of Neumann. The 
proof of the general theorem rests on an extension of the multiple-integral theory of 
de Rham and Hodge through the use of relative methods of the sort introduced by 
Lefschetz to obtain duality and fixed-point theorems for non-closed manifolds. (Re- 
ceived July 12, 1941.) 


450. A. D. Wallace: Regularly ordered systems of sets. 
If X, Y are subsets of a topological space the symbol XS Y means X=Y or 
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XcCint Y. A system [X] isregularly ordered if for each pair Xi, X2 either XS X: or 
X2<X;. Regular systems are self-dual under complementation. These systems are 
useful in the structural analysis of spaces. The same concept may be applied to certain 
families of subsets. With the aid of this notion it is possible to extend to compact 
(=bicompact) connected 7-spaces the well known proposition on the existence of 
non-cutpoints. The paper also proves the existence of minimal continua satisfying 
certain conditions (under the assumption of normality) and gives a generalization of 
certain theorems of Janiszewski, Mullikin, Moore and others. (Received July 2, 1941.) 


451. G. S. Young: On the outer boundaries of certain connected do- 
mains. 


A study is made of the properties of the outer boundaries of connected domains 
D such that J is a continuous curve (not necessarily compact) in a space S satisfying 
Axioms 0-5 of R. L. Moore’s Foundations of Point Set Theory, particular attention 
being paid to the resemblances between them and simple closed curves. Typical results 
are: (1) If B is an outer boundary of such a domain D, then every point of B is arc- 
wise accessible from the component of S—B that contains D; (2) S—B is the sum of 
two mutually separated connected domains; (3) No subcontinuum K of B contains 
more than two limit points of B—K; (4) If the set H irreducibly separates S and D is 
a component of S—H, then D+H is a continuous curve if and only if every closed 
and compact proper subset K of H lies in an arc which is a subset of D+-K. Neces- 
sary and sufficient conditions for local compactness, complete separability, topological 
flatness, and so on, of B or subsets of B are also given. (Received July 28, 1941.) 


452. G. S. Young: On topologically flat subsets of certain spaces of 
R. L. Moore. 


In a space S satisfying Axioms 0-5 of R. L. Moore’s Foundations of Point Set 
Theory, a point set M is said to be topologically flat provided that if P is a point and 
R is a region containing P there is a simple domain D containing P such that the 
boundary of D plus the common part of D and M isa subset of R. If S is topologically 
flat in this sense, it is topologically flat in the sense of F. B. Jones (Transactions of 
this Society, vol. 42 (1937), pp. 53-93). The principal results are: (1) if S is completely 
separable, it may be imbedded in a completely separable space S’ also satisfying 
Axioms 0-5 in which every flat point set is compact; (2) there is a continuous and 
reversible transformation which throws S’ into a sphere and which is reversibly 
continuous on every flat subset of S’. Use of these two theorems permits immediate 
generalization of many plane theorems by omission or weakening of conditions of 
compactness or connectivity. (Received July 28, 1941.) 


453. J. W. T. Youngs: Concerning arc-curves and basic sets. 


W. L. Ayres has introduced the terms “arc-curve” and “basic set” to the theory of 
continuous curves (Transactions of this Society, vol. 30, pp. 567-578). In this paper 
an abstraction is made from the concept of arc-curve upon noticing the fact that if 
X is the arc-curve of X, then: (1) X- ¥¥0O implies that ¥+ Y=X+Y, (2) X=Xif x 
is empty or a single point, (3) ¥ =X. The similarity to the Kuratowski closure axioms 
is obvious and is extensively used. For example, the arc-curve of a set is comparable 
to the closure of a set, while a basic set is analogous to an everywhere dense set of 
points. (Received July 24, 1941.) 
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